September 28 Math 2306 sec. 56 Fall 2017

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any" +an 1y 4+ apy = g(x)
where g comes from the restricted classes of functions
» polynomials,
» exponentials,
» sines and/or cosines,
» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example
Find a particular solution of the ODE

y' -4y +4y =8x+1

o\ A
(NI} o0 = 8x+\ s a | 5 deopr P one

au\S()t Jegm ‘)\
Aad R,

\'3\'\1:4‘—%&-‘
Lk‘S %uc;.f —“l\o«\- (Of‘ \s a\Sa

o= Ax+® bor sone mbet

\ ‘—
lXs §\.‘os\—w\'ube, "\)P‘: A) \Qf\ =0

W \ : ) . B - 8)(
gp Uy + dop = 0= FIAY 4(Ax-+8) «

September 27, 2017

o (a.t.c\ Aﬁuu.\‘

2/33



Thy reqovres

4R « YAy #4 G = B
Yhx o (HAD) = 8]
l‘/\o-\—dnlvf\j (aQL(} L'u‘f‘*\—s; o ‘5“*

Gp =9 e TR B=

. \
A=z l,‘B-.\+"|A:\"'\4'2:q
-4
l1
S 4 = 2x +%—

September 27, 2017

3/33



Lok's VU\L\) Fwot \DP: 1y + ﬁq dees  Slwe

- %)(-('\

"

\3 -L(\o‘ -(-&‘

\—a

bg\: 2 , Rﬂr\‘ - o
ow (uhsé:\’kw‘\wv\ 0\
0 -d@yruleer L) -

"R T+ = 8y

September 27, 2017

4/33



The Method: Assume y, has the same form as g(x)

y// o 4y/ + 4y _ 66_3X
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Make the form general

y'— 4y + 4y = 16x2

Lo\ FoGe essuan Yo = AX-L ) Then
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9p" - Uy + Ugyp * 2A - 4(2Ax) + LA = \bx®

Thir  gives

YA - 8Ax + 2A = o x
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General Form: sines and cosines

y" —y' = 20sin(2x)

If we assume that y, = Asin(2x), taking two derivatives would lead to
the equation

—4Asin(2x) — 2Acos(2x) = 20sin(2x).
This would require (matching coefficients of sines and cosines)

—4A=20 and —-2A=0.

This is impossible as it would require —5 = 0!
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General Form: sines and cosines

We must think of our equation y” — y’ = 20 sin(2x) as

y" —y' = 20sin(2x) + 0 cos(2x).

The correct format for y, is

¥p = Asin(2x) + Bcos(2x).
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Examples of Forms of y, based on g (Trial Guesses)

(@) g(x) = 1 (or really any constant)
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Examples of Forms of y, based on g (Trial Guesses)

(c) g(x) = 5x*
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Examples of Forms of y, based on g (Trial Guesses)

— y@3X .
(e) g(x) = xe | S degree po\- Fis

3x
bf’ z (AX-{-B) (A G’&x

(f) g(x) = cos(7x)

< ACos (B> 89 (3x)

NE

September 27, 2017 13/33



Examples of Forms of y, based on g (Trial Guesses)

(9) g(x) = sin(2x) — cos(4x)
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