September 5 Math 2306 sec. 56 Fall 2017
Section 4: First Order Equations: Exact Equations

Mdx+Ndy =0 (1)
Theorem: If (OM /0y — ON/0x)/N is continuous and depends only on

X, then
aM _ 9N

is an special integrating factor for (1). If (ON/0x — OM/9oy)/M is
continuous and depends only on y, then
— ox 9y
p = exp ( Vi dy)

is an special integrating factor for (1).
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Example
Solve the equation 2xy dx + (y? — 3x?) dy = 0.

We found that the equation was not exact and looked at the ratios:

%—M - %N 8x
? Y X =
Is there a pu(x)- N y2 — 3x2
ON oM
, ox “ oy _ —8x -4
Is there a u(y)~ W Xy y

The first does not depend on x alone. But the second does depend on
y alone. So there is a special integrating factor

4
— ex ——dy)=y*
p=exp ([~ oy) -y
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Section 5: First Order Equations Models and
Applications

Compare to
observations

Identify key
components

Build a
mathematical
formulation

Figure:

Mathematical Models give Rise to Differential Equations =

DA
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Population Dynamics

A population of dwarf rabbits grows at a rate proportional to the current
population. In 2011, there were 58 rabbits. In 2012, the population was
up to 89 rabbits. Estimate the number of rabbits expected in the

population in 2021.
Lo ?Uz) he P rabb\- Pa?v\‘ﬁ"ﬁn (:Je,nc-»\'a\) ot ‘\—'nM (3

AP ) or el ) P
The cele Q (\onge o P TE ¢ free ¥

éB z k_@ (\or Sonr—=e o ¥ ent e .
at
I.-o.)(‘ "'O\LL E ™ \?Ld-; (A\ E 0 A 20\\ )

b lnsm dhe Py: S8 00 POy~ 83

September 1, 2017 10/ 40



Lbe soloe the VT ‘v P Plor=S% .

gq)w\,tuowxewf
. dt
LR &,\‘;d(’, (v

P&
g Suann
¥ Nk eete e’ 8}
9\/\() c \c_'k'(’c P?O .
an \b‘rfc Lt A‘ C
e - e - A e e - C

Lt

P" {\e

September 1, 2017 11/40



0
Ply=S? 2 s3= Ae = A

kb
S» Pley: S¥ e

y: 8
QS\'\& (\>U ] ) Y
)= 89 = SR e :SR%e

PG
(s
@.h': %i% = \4-1~9"‘ €8
. h(B)t
P(k)=58 e {or 9 £v,0

September 1, 2017 12/40



2021 €=0,
0.(35)10
~ q%

¢
e

P(ioy = S8 €

September 1, 2017 13/40



Exponential Growth or Decay

If a quantity P changes continuously at a rate proportional to its current
level, then it will be governed by a differential equation of the form

dP . dP
E—kP i.e. E—kP_O.

Note that this equation is both separable and first order linear. If k > 0,
P experiences exponential growth. If k < 0, then P experiences

exponential decay. The cldion v0 Clwagys
Y [ RSN

kbt
Ploy= P e
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Series Circuits: RC-circuit

Figure: Series Circuit with Applied Electromotive force E, Resistance R, and
Capcitance C. The charge of the capacitor is g and the current j = %.
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Series Circuits: LR-circuit

Figure: Series Circuit with Applied Electromotive force E, Inductance L, and
Resistance R. The current is /.
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Measurable Quantities:

Resistance R in ohms (2), Implied voltage E in volts (V),
Inductance L in henries (h), Charge g in coulombs (C),
Capacitance C in farads (f), Current i in amperes (A)

Current is the rate of change of charge with respect to time: i = (Z;Z

Component Potential Drop
Inductor La

Resistor Ri i.e. R%Y
Capacitor q
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Kirchhoff’s Law

The sum of the voltages around a closed circuit is zero.

In other words, the sum of potential drops across the passive
components is equal to the applied electromotive force.
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Example

A 200 volt battery is applied to an RC series circuit with resistance
10009 and capacitance 5 x 1078 f. Find the charge g(t) on the
capacitor if i(0) = 0.4A. Determine the charge as t — oc.
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A Classic Mixing Problem

A tank originally contains 500 gallons of pure water.
Brine containing 2 pounds of salt per gallon is
pumped in at a rate of 5gal/min. The well mixed
solution is pumped out at the same rate. Find the
amount of salt A(t) in pounds at the time t. Find the

concentration of the mixture in the tank at t = 5
minutes.
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A Classic Mixing Problem

input rate T,
input concentration c .

“ !

ouput rate I'O

output concentration ¢ s

Figure: Spatially uniform composite fluids (e.g. salt & water, gas & ethanol)
being mixed. Concentrations of substance change in time.
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Building an Equation
The rate of change of the amount of salt

dA _ ( inputrate \ [ output rate
dt — \ ofsalt of salt N

o

The input rate of salt is o
fluid rate in - concentration of inflow = ri(c)).
The output rate of salt is
fluid rate out - concentration of outflow = ry(co).
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Building an Equation

The concentration of the outflowing fluid is

C - total salt A A(t)

° " totalvolume ~—  V(t) —  V(0)+(ri—ro)t
A__ A
dt — 1 I Ov'

This equation is first order linear.
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Solve the Mixing Problem

A tank originally contains 500 gallons of pure water. Brine containing 2
pounds of salt per gallon is pumped in at a rate of 5gal/min. The well
mixed solution is pumped out at the same rate. Find the amount of salt

A(t) in pounds at the time t. Find the concentration of the mixture in
the tank at f = 5 minutes.
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N ()= Vo) + (c;-6VE =¢Coo ¢(5-9)k

No)= 0 pwe welen.
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