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ABSTRACT
Nonparametric estimation and inferences of conditional distribution func-
tions with longitudinal data have important applications in biomedical
studies, such as epidemiological studies and longitudinal clinical trials.
Estimation approaches without any structural assumptions may lead to
inadequate and numerically unstable estimators in practice. We propose
in this paper a nonparametric approach based on time-varying parametric
models for estimating the conditional distribution functions with a longi-
tudinal sample. Our model assumes that the conditional distribution of the
outcome variable at each given time point can be approximated by a para-
metric model after local Box–Cox transformation. Our estimation is based
on a two-step smoothing method, in which we first obtain the raw esti-
mators of the conditional distribution functions at a set of disjoint time
points, and then compute the final estimators at any time by smoothing
the raw estimators. Applications of our two-step estimation method have
been demonstrated through a large epidemiological study of childhood
growth and blood pressure. Finite sample properties of our procedures
are investigated through a simulation study. Application and simulation
results show that smoothing estimation from time-variant parametricmod-
els outperforms the existing kernel smoothing estimator by producing nar-
rowerpointwisebootstrap confidencebandand smaller rootmean squared
error.
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1. Introduction

Longitudinal data often appear in biomedical studies, where at least some of the variables of interest
from the independent subjects are repeatedly measured over time. Existing methods of longitudinal
analysis in the literature aremostly focused on regressionmodels based on the conditionalmeans and
variance–covariance structures. Parametric and nonparametric methods for conditional mean and
variance–covariance-based regression models may be found, among others, in [1–13]. These meth-
ods, although popular in practice, may not be adequate for estimating the conditional distribution
functions when the longitudinal variables of interest are skewed or have significant deviation from
normality. A Box–Cox [14] transformation is needed to reduce the skewness of the longitudinal data
andmore specifically a time-variant Box–Cox transformation is required for normality on each of the
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split data sets from the original longitudinal data. A detailed review of the Box–Cox transformation,
e.g. can be found in [15].

The problem of modelling and estimating the conditional distribution functions of a longitudi-
nal variable is well motivated by the National Growth and Health Study (NGHS), which is a large
prospective cohort study. The main objective of this study is to evaluate the temporal trends of the
cardiovascular risk factors, such as the systolic and diastolic blood pressures (SBP, DBP) based on the
annual follow-up observations for up to 10 years of 2379 African-American and Caucasian girls dur-
ing adolescence [16]. Existing results of this study, such as [17–19], have evaluated the effects of age,
height and other covariates on the means and abnormal levels of SBP, DBP and other cardiovascular
risk factors. Because the conditional distributions of SBP and DBP over age are not normal, the con-
ditional mean-based regression models employed by these authors do not lead to adequate estimates
of the conditional distributions of the SBP and DBP for this adolescent population.

In an effort to directly model and estimate the conditional distribution functions, Wu et al. [20]
proposed a time-varying transformation model to estimate the covariate effects on the conditional
distributions, and Wu and Tian [21,22] studied a two-step smoothing method to estimate the con-
ditional distribution functions without assuming any specific modelling structures. Applying their
methods to the NGHS blood pressure (BP) data, the results ofWu et al. [20] andWu and Tian [21,22]
illustrate the usefulness of directly modelling and estimating the conditional distribution functions
rather than through the conditional mean-based models. Similar to the unstructured smoothing
methods of Hall et al. [23] for the independent identically distributed data, the smoothing method of
Wu and Tian [21,22] could be numerically unstable and lead to substantial estimation errors for esti-
mating the conditional cumulative distribution functions (CDF) near the boundary of the support.
The structural modelling approach ofWu et al. [20] is mainly for the purpose of reducing the dimen-
sionality associated with the multivariate covariates, which does not alleviate potential estimation
errors.

Motivated by the time-varying coefficient approaches in the literature (e.g. [6]), we propose in this
paper a structural nonparametric approach for the estimation of conditional distribution functions,
and show that, when the structural assumptions hold, our approach may lead to estimators which
are superior to the unstructured smoothing estimators. Our approach relies on the assumption that
the conditional distribution function of the longitudinal variable of interest after Box–Cox transfor-
mation at a given time point follows a parametric family, but the parameters may vary when time
changes. By allowing the parameters to be nonparametric function of time, our longitudinal variable
follows a ‘time-varying parametricmodel’ or a ‘structural nonparametricmodel’, which, on one hand,
is subject to the local modelling assumption and, on the other hand, maintains its flexibility and non-
parametric nature by allowing different parameter values at different time points. For the estimation
method, we propose a two-step smoothing procedure which first obtains the raw estimators of the
conditional distribution functions based on the time-varying parametric family at a set of distinct
time points, and then computes the estimators at any time point by smoothing the available raw esti-
mators using a nonparametric smoothing procedure. The two-step smoothing procedure, which is
similar to the ones used in [3,20], is computationally simple and easy to be implemented in practice.
For the practical properties, we demonstrate the clinical interpretations and implications of our struc-
tural nonparametric approach over the unstructured nonparametric method through an application
to the NGHS BP data, and investigate the finite sample properties of our procedures through a simu-
lation study. These results show that the smoothing step has the advantage of reducing the variability
of the raw estimators.

In the main results, we describe the data structure, the conditional distribution functions and our
time-varying parameter models in Section 2, and present our estimation method in Section 3. For
the numerical results, we apply our estimation and inference procedures to the NGHS BP data in
Section 3.3 and present our simulation results in Section 3.4. Finally, we briefly discuss in Section 4
some further implications and extensions of the theory and applications for the estimation of the
conditional distribution functions.
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2. Data andmodels for conditional distributions

2.1. Data structure

We focus on the longitudinal samples with similar structures as the NGHS [16], which frequently
appears in large epidemiological studies. Within each sample, we have n independent subjects, and,
for the ith subject with 1 ≤ i ≤ n, we have mi ≥ 1 observations at time points Ti = {tij ∈ τ ; j =
1, . . . ,mi}, where τ is the time interval containing all the time points of interest. The total number
of observations is N = ∑n

i=1mi. For mathematical simplicity, we assume that the time points T =
{Ti; i = 1, . . . , n} for the sample are contained in the vector of J disjoint time points t = (t1, . . . .., tJ)T.
In biomedical studies, t is often obtained by rounding off age or other time variables within an
acceptable accuracy range. Let Y(t) be a real-valued outcome variable at any time point t ∈ τ and
X is time-invariant categorical covariate that takes values x ∈ {1, . . . ,K}. The longitudinal sample for
{Y(t),X, t} is denoted by Z = {Yi(tj),Xi, tj; 1 ≤ j ≤ J, i ∈ Sj}, where Sj is the set of subjects which
have observations at time point tj. This data structure has been used in [17,18,20] and other pub-
lications of the NGHS study. Although in general Y(t) may be a multivariate random variable, for
mathematical simplicity, our main results are restricted to the univariate Y(t). Extension to multi-
variate Y(t) requires further modelling for the joint distributions, hence, is out of the scope of this
paper.

Remark 2.1: We assume categorical and time-invariant covariate X for the simplicity of mathe-
matical expression and biological interpretations. When continuous or time-dependent covariates
are included in the model, the nonparametric estimation methods of Section 3 require multivariate
smoothingmethods, which could be computationally intensive and sometimes infeasible and difficult
to interpret in practice. In Section 2.3, a useful dimension reduction approach based on time-varying
transformationmodels [20] is discussed. This approach could be extended to the estimation of condi-
tional probabilities with continuous and time-varying covariates. But this extension requires further
methodological and theoretical developments than the ones provided in this article. In the present
context, X= 1 represent Caucasian girl and X= 2 represent African-American girl.

Remark 2.2: The data structure mentioned in this section is consistent with the data formulation
used in the NGHS publications, such as [17,18,20]. In their study, the longitudinal data have a set of
J> 1 distinct possible visiting times t = (t(1), . . . , t(J))T, referred to herein as the ‘time-design points’.
Each of the n independent subjects has actual visit times within a subset of the ‘time-design points’ t.
If the ith subject is observed at time point t(j∗), the corresponding outcome variable is Yi(t(j∗)), which
may not be the same as Yij, since t(j∗) and tij are not necessarily the same. For a given time point
t(j∗) ∈ t, we denote by Sj∗ the set of subjects with outcome observed at t(j∗), and when i ∈ Sj∗ , the
outcome and covariate for the subjects at t(j∗) are Yi(t(j∗)) and Xi, respectively. Let nj∗ = #{i ∈ Sj∗} be
the number of subjects in Sj∗ and nj∗1 j∗2 = #{i ∈ Sj∗1 ∩ Sj∗2 } the number of subjects in both Sj∗1 and Sj∗2 .
Clearly, nj∗1 j∗2 ≤ min{nj∗1 , nj∗2 }. In Wu et al. [20], the time-design points are specified by rounding up
age of theNGHS participants at the first decimal place. These time-design points are chosen following
the clinical definition of age for paediatric studies.

2.2. Time-varying parametermodels

Let Z(t) be the SBP at time point t. The local Box–Cox transformation on Z(t) at time point t is given
by

Y(t) =

⎧⎪⎨
⎪⎩
Zλ(t)(t) − 1

λ(t)
if λ(t) �= 0,

log(Z(t)) if λ(t) = 0.
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Box and Cox [14] proposed both maximum likelihood as well as Bayesian methods for the estima-
tion of the parameter λ(t). In this paper, we have considered only maximum likelihood estimates
or any value within the 95% confidence interval of the ML estimate of λ(t) that better approximates
the time-variant skewed variable to normality. Height is considered as the predictor for SBP in the
ML estimate of λ(t). For any given t ∈ τ and X= x, our objective is to estimate the conditional CDF
Ft,θ(t)[y(t) | x] = P[Y(t) ≤ y(t) | t,X = x] for some given curve y(t) on τ based on the longitudinal
sampleZ . Other conditional probabilitiesmay be obtained using the functionals ofFt,θ(t)[y(t) | x]. For
example, survival function and hazard function are mathematically expressed via CDF. The choices
of y(t) depend on the scientific objectives of the analysis. For example, hypertension and abnormal
levels of blood pressure for children and adolescents are defined by gender and age-specific blood
pressure quantiles (e.g. [24]), so that it is often meaningful in paediatric studies to evaluate the con-
ditional CDFs with y(t) chosen as a pre-determined gender and age-specific blood pressure quantile
curves.

The two-step estimation method of Wu and Tian [21,22] relies on smoothing the raw empiri-
cal CDF estimators of Ftj[y(tj) | x] for j = 1, . . . , J without any structural assumptions on Ft[y(t) | x].
When Ft(·) belongs to a parametric family of distribution functions at each t ∈ τ , we have a
time-varying parametric model

Fθ(t | x) = {Ft,θ(t | x)(·); θ(t | x) ∈ �}, (1)

where θ(t | x) is the vector of time-varying parameters which belong to an open Euclidean space �.
UnderFθ(t), onewould naturally expect that a smoothing estimator, which effectively utilizes the local
parameter structure of Ft,θ(t)(·), could be superior to the unstructured two-step smoothing estimators
of Wu and Tian [21,22]. For the special case of time-varying Gaussian model, Ft,θ(t)[y(t) | x] given
t ∈ τ with parameter curves θ(t) = (μ(t), σ 2(t), λ(t))T is given by

Ft,θ(t)[y(t) | x] =
∫ y(t)

−∞
1√

2πσ(t)
exp

[
− 1
2σ 2(t)

{Y(t) − μ(t)}2
]
dY(t). (2)

Conditional CDFs for time-varying parametric models other than Equation (2) may be similarly
obtained.We note that the conditional CDF Ft,θ(t)(·) allows Y(t) to be either a continuous or discrete
random variable.

Wu and Tian [21] estimated the conditional CDF and rank-tracking probabilities by time-varying
transformation models for longitudinal data. But their estimation approach is without any structural
model.

2.3. Extension to continuous and time-varying covariates

When there are time-varying covariates, we denote the covariate vector by X(t). Given the covariate
value as X(t) = x(t), the conditional probability of Equation (1) is computed as

Fθ(t),t[y(t) | t,X(t) = x(t)] = 1 − P[Y(t) > y(t) | t,X(t) = x(t)]. (3)

When some components of the covariate vector X(t) are continuous, nonparametric estimation of
conditional CDF of Equation (3) would require a multivariate smoothing method over both x and t,
which could be difficult to compute, particularly when the dimensionality of X(t) is very high due to
the well-known problem of the ‘curse of dimensionality’. One simple approach to handle the time-
variant covariates is to regressY(t) onX(t) and then to estimate the conditional CDF ofY(t) from the
fittedmodel.Wu et al. [20] proposed a dimension reduction alternative tomodelFθ(t),t[y(t) | t,X(t) =
x(t)] using a time-variant transformation models, so that the dependence of Fθ(t),t[y(t) | t,X(t) =
x(t)] on x(t) is characterized through a ‘structural nonparametric model’, which is determined by
a set of coefficient curves. However, the estimation methods of Wu et al. [20] are only limited to
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the coefficient curves and do not include the estimation of Fθ(t),t[y(t) | t,X(t) = x(t)] itself. Further
research is required to develop a nonparametric smoothing estimator of Fθ(t),t[y(t) | t,X(t) = x(t)]
based on time-variant covariates.

3. Two steps estimationmethod and inferences

We first obtain the raw estimators F̂tj,θ(tj)[y(tj) | x] for j = 1, . . . , J, and then estimate Ft,θ(t)[y(t) | x]
by a smoothing estimator based on {F̂tj,θ(tj)[y(tj) | x]; j = 1, . . . , J}. This approach is also known as
the smoothing later approach. In smoothing early approach, we first obtain the smoothing estimators
θ̂ (t) of θ(t), and then estimate Ft,θ(t)[y(t) | x] by the ‘plug-in’ smoothing estimator F̃t,θ(t)[y(t) | x] =
Ft,θ̂ (t)[y(t) | x]. But when the time-variant Box–Cox λ(t) are involved, we cannot apply the smooth-
ing early approach. Because if we smooth the time-variant Box–Cox λ(t), then for the new smoothed
value of λ(t), the transformed data sets no more belong to normal family. Even if we use the raw
estimates of λ(t) to smooth other parameters of the normal family, the smoothing estimates will fluc-
tuate in an unexpected rate so that estimates of the conditional CDF will be misleading. For this,
smoothing early approach has been avoided. Instead of local Box–Cox transformation, if any global
transformation, e.g. log transformation or square root transformation is used, then smoothing early
and smoothing later approach will give same results. We describe in this section the construction of
the smoothing estimators of conditional CDF by the smoothing later approach and in Section 3.3, we
will show this smoothing estimator for NGHS BP data.

3.1. Smoothing later approach

3.1.1. Raw estimates of parameter curves and distributions
We first compute the estimators θ̃ (tj) and F̃tj,θ(tj)[y(tj) | x] of θ(tj) and Ftj,θ(tj)[y(tj) | x], respectively,
using observations at time tj ∈ t. Suppose that the number of observations nj at tj is sufficiently
large. Then θ(tj), tj ∈ t, can be estimated by the maximum likelihood estimators (MLE) θ̃ (tj) using
the subjects in Sj. Substituting θ(tj) with θ̃ (tj), the corresponding raw estimator of Ftj,θ(tj)[y(tj) | x]
is F̃tj,θ(tj)[y(tj) | x] = Ftj,θ̃ (tj)[y(tj) | x]. For the time-varying normal distribution, F̃tj,θ(tj)[y(tj) | x] is
given by Equation (2) by substituting θ(tj)with theMLE θ̃ (tj) = (μ̃(tj), σ̃ 2(tj), λ̃(tj))T. λ̃(tj) could be
eitherML estimate or any value within 95% confidence interval of λ̃(tj). These raw estimators require
the number of observations nj at tj to be sufficiently large, so that they can be computed numerically.
When the sample size nj is not sufficiently large, we need to round off or group some of the adjacent
time points into small bins, and compute the raw estimates within each bin. This round off or binning
approach has been used by Fan and Zhang [3] and Wu et al. [20], but its effects on the asymptotic
properties of the smoothing estimators have not been investigated in the literature. In biomedical
studies such as the NGHS, the unit of time is often rounded off into an acceptable precision.

3.1.2. Smoothing estimates of conditional distributions
There are two reasons for using the smoothing step in addition to the raw estimates. First, the raw
estimates are only for the coefficients at time points in t, while the smoothing step leads to curve
estimates over the entire range of τ . Second, the raw estimates usually have excessive variations, so
that their values may change dramatically among adjacent time points in t. Given that spiky estimates
may not have meaningful biological interpretations, the smoothing step should be used to reduce the
variation by sharing information from the adjacent time points.

Suppose that Ft,θ(t)[y(t) | x] is (p + 1) times continuously differentiable with respect to t. Let
F(q)
t,θ(t)[y(t) | x] be the qth derivative of Ft,θ(t)[y(t) | x], 1 ≤ q ≤ p, and βq(t) = F(q)

t,θ(t)[y(t) | x]/q!. By
the Taylor expansion of Ft,θ(t)[y(t)|x], Ft,θ(t)[y(t) | x] ≈ ∑p

q=0 βq(s0)(tj − s0)q for t in some neigh-
bourhood of s0. Treating the raw estimates F̃tj,θ(tj)[y(tj) | x] as the observations of Ftj,θ(tj)[y(tj) | x] at
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tj, j = 1, . . . , J, the pth local polynomial estimators minimize

J∑
j=1

⎧⎨
⎩F̃tj,θ(tj)[y(tj) | x] −

p∑
q=0

βq(t)(tJ − t)q

⎫⎬
⎭

2

Kh(tj − t0),

whereKh(tj − t) = K[(tj − t)/h]/h,K(·) is a non-negative kernel function, and h> 0 is a bandwidth.
In our application to NGHS data, we have used Epanechnikov Kernel for kh(·). Using the matrix
formulation, we define F̃(t) = F̃t,θ(t)[y(t) | x], F̃(t) = (F̃(t1), . . . , F̃(tJ))T, β(t) = (β0(t), . . . ,βp(t))T,
G(t; h) = diag{Kh(tj − t)} with jth column Gj(t; h) = (0, . . . ,Kh(tj − t), . . . , 0)T, and Tp(t) the J ×
(p + 1) matrix with its jth row given by Tj,p(t) = (1, tj − t, . . . , (tj − t)p). The local polynomial esti-
mators β̂q(t) minimizes QG[β(t)] = (F̃(t) − Tp(t)β(t))TG(t; h)(F̃(t) − Tp(t)β(t)). The qth-order
local polynomial estimator of F(q)

t,θ(t)[y(t) | x] based on F̃tj,θ(tj)[y(tj) | x], which minimizes QG[β(t)],
is

F̂(q)
t,θ(t)[y(t) | x] =

J∑
j=1

{Wq,p+1(tj, t; h)F̃tj,θ(tj)[y(tj) | x]}, (4)

where Wq,p+1(tj, t; h) = q!eq+1,p+1[TT
p (t)G(t; h)Tp(t)]−1[TT

j,p(t)Gj(t; h)] is known as the ‘equivalent
kernel function’ (e.g. [3]) and eq+1,p+1 is the row vector of length p+1 with 1 at its (q + 1)th
place and 0 elsewhere. By the definition of β(t), we have β̂(t) = (β̂0(t), . . . , β̂p(t))T and β̂q(t) =
F̂(q)
t,θ(t)[y(t) | x]/q! for q = 0, . . . , p. For q= 0, the local linear estimator of Ft,θ(t)[y(t) | x] based on

Equation (4) is

F̂t,θ(t)[y(t) | x] = F̂(0)
t,θ(t)[y(t) | x]. (5)

3.2. Unstructured nonparametric smoothing estimators

Estimation of the conditional CDF Ft[y(t) | x] = P[Y(t) ≤ y(t) | t,X = x] with unstructured non-
parametric model can be investigated by using a kernel smoothing method. Let wi be a weight
functionwhichmay be either 1/(nmi) or 1/N, the kernel estimator ofWu and Tian [21] for Ft[y(t) | x]
is

F̂t[y(t) | x] =
∑J

j=1
∑

i∈Sj
wi1[Yi(tj)≤y(t),Xi=x]Kh(tj − t)∑J

j=1
∑

i∈Sj
wiKh(tj − t)

, (6)

where 1[·] is an indicator function and Kh(tj − t) is defined as before. By smoothing the indica-
tor function 1[Yi(tj)≤y(t),Xi=x] through the kernel weight wiKh(tj − t) for all i ∈ Sj and j = 1, . . . , J,
F̂t[y(t) | x] of Equation (6) can be generally applied to conditional distributions whichmay not belong
to the time-varying parametric family Fθ(t). In contrast, however, the local polynomial estimators of
Equation (5) depend on the time-varying parametric assumption of Fθ(t | x), and may lead to biased
estimates when the structural assumption of Fθ(t | x) is not satisfied.

Remark 3.1: Although it has been shown byWu and Tian [21] that F̂t[y(t) | x] has adequate proper-
ties when y(t) is within the interior of the support of Y(t), in practice, F̂t[y(t) | x] may have large bias
and variance when y(t) is near the boundary of the support of Y(t). Intuitively, when y(t) is near the
boundary of the support of Y(t) and the number of the observed Yi(tj) within the small neighbour-
hood of t defined by Kh(tj − t), is small, the values of 1[Yi(tj)≤y(t),Xi=x] are likely to be all 0 or all 1,
which may lead to F̂t[y(t) | x] to be either 0 or 1. The smoothing estimators of Equation (5), however,
compute the conditional distribution function Ft,θ(t)[y(t) | x] based on the parametric modelFθ(t | x)
and the estimators of the time-varying parameter θ(t | x). Themean squared errors of F̂t,θ(t | x)[y(t) | x]
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mainly depend on the estimators of θ(t | x) and are less affected by the boundary values of y(t). We
compare the estimator of Equation (5) with F̂t[y(t) | x] in the application NGHS data in Section 3.3.
We will also compare the results between these two smoothing estimator by simulation study in
Section 3.4.

3.3. Bandwidth choices

The bandwidths of Equation (5) may be selected either subjectively by examining the plots of the
estimated parameter curves or using a data-driven bandwidth selection procedure. As demonstrated
by the simulation studies in nonparametric estimation with two-step local polynomial estimators,
such as [3,20–22], subjective bandwidth choices obtained from examining the fitted curves of the
estimators often produce appropriate bandwidths in real applications.

Two cross-validation approaches, the ‘Leave-One-Subject-Out Cross Validation’ (LSCV) and
the ‘Leave-One-Time-Point-Out Cross Validation’ (LTCV), have been proposed by Wu and Tian
[21,22] for the selection of data-driven bandwidths under the unstructured nonparametric mod-
els. These cross-validation approaches can be extended to the smoothing estimators (5) to provide
a potential range of suitable bandwidths. Let F̂(−i)

t,θ(t | x)[y(t) | x] with 1 ≤ i ≤ n be the estimator (5) of
Ft,θ(t | x)[y(t) | x] computed using the sample with all the observations of the ith subject deleted, and
letwi be a weight function which could be either 1/(nmi) or 1/N. The LSCV bandwidth hx,LSCV is the
minimizer of the LSCV score

LSCV[y(·), x] =
J∑

j=1

∑
i∈Sj

wi{1[Yi(tj)≤y(tj),Xi=x] − F̂(−i)
tj,θ(tj | x)[y(tj) | x]}2. (7)

For a heuristic justification of LSCV[y(·), x], we can consider the expansion

LSCV[y(·), x] =
J∑

j=1

∑
i∈Sj

wi{1[Yi(tj)≤y(tj),Xi=x] − Ftj,θ(tj | x)[y(tj) | x]}2

+
J∑

j=1

∑
i∈Sj

wi{Ftj,θ(tj | x)[y(tj) | x] − F̂(−i)
tj,θ(tj|x)[y(tj) | x]}2

+ 2
J∑

j=1

∑
i∈Sj

wi{{1[Yi(tj)≤y(tj),Xi=x] − Ftj,θ(tj | x)[y(tj) | x]}

× {Ftj,θ(tj | x)[y(tj) | x] − F̂(−i)
tj,θ(tj | x)[y(tj) | x]}}. (8)

The first term at the right-hand side of Equation (8) does not involve the smoothing estimator, hence,
does not depend on the bandwidth. The expected value of the third term at the right-hand side of
Equation (8) is zero, since the observation of the ith subject is not included in F̂(−i)

tj,θ(tj | x)[y(tj) | x]. Thus,
byminimizing LSCV[y(·), x], the LSCVbandwidth hx,LSCV approximatelyminimizes the second term
at the right-hand side of Equation (8), which is approximately the average squared error

ASE[y(·), x] =
J∑

j=1

∑
i∈Sj

wi{Ftj,θ(tj | x)[y(tj) | x] − F̂tj,θ(tj | x)[y(tj) | x]}2. (9)

A potential drawback for the LSCV approach is that the minimization of the LSCV score (7) is often
computationally intensive, particularly when the number of subjects n is large, which hampers its
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application potential in real applications. Thus, it is usually more practical to consider the alternative
of k-fold LSCV, which is computed by deleting the observations of k > 1 subjects in the computation
of F̂(−i)

tj,θ(tj | x)[y(tj) | x].
Instead of deleting the subjects one at a time, the LTCV procedure deletes the observations at the

time-design points t = {t1, . . . , tJ}. When J is smaller than n, the LTCV procedure may be computa-
tionally simpler than the LSCV procedure. Let F̂(−j)

t,θ(t | x)[y(t) | x] with 1 ≤ j ≤ J be the estimator (5) of
Ft,θ(t | x)[y(t) | x] computed using the sample with all the observations at the time point tj deleted.
Then the value of F̂(−j)

t,θ(t | x)[y(t) | x] at time point tj is F̂
(−j)
tj,θ(tj | x)[y(tj) | x], and the LTCV score for

F̂t,θ(t | x)[y(t) | x] is

LTCV[y(·), x] =
J∑

j=1

∑
i∈Sj

wi{1[Yi(tj)≤y(tj),Xi=x] − F̂(−j)
tj,θ(tj | x)[y(tj) | x]}2. (10)

The LTCV bandwidth hx,LTCV is the minimizer of LTCV[y(·), x]. Similar to the k-fold alternative for
the LSCV, the k-fold LTCV bandwidths, which are obtained by deleting k> 1 time points in t each
time, may also be used in practical applications to reduce the computing complexity when J is large.

Remark 3.2: Since the observations at different time points are potentially correlated, the heuristic
justification for LSCV[y(·), x] based on Equations (8) and (9) does not apply to LTCV[y(·), x], and the
effects of the intra-subject correlations on the appropriateness of the LTCV approach have not been
systematically investigated. But the simulation results of Wu and Tian [21,22] have shown that the
LTCV approach may lead to appropriate bandwidths under the unstructured nonparametric models.
Theoretical and practical properties of both the LSCV and LTCV bandwidths warrant substantial
further investigation. In practice, the LSCV and LTCV bandwidths may only be used to provide a
rough range of the appropriate bandwidths. The bandwidths for an actual data set may be selected
by evaluating the overall information from LSCV[y(·), x], LTCV[y(·), x], the scientific interpretations
and the smoothness of the estimates.

Remark 3.3: Bandwidth is known as the smoothing parameter and kernels are known as the weight-
ing function. As we are comparing local polynomial smoothing estimator with the kernel smoothing
estimator, we use the same Epanecnikov kernel as the weighting function. If Gaussian or any other
kernel is used instead, the same results can be achieved as kernel does not change the shape of
the smoothing estimates. A choice of larger bandwidth yields over smoothing results and a smaller
bandwidth results in undersmoothing estimates. In our NGHS BP data, an ideal bandwidth size is
around 2.5.

3.4. Bootstrap pointwise confidence intervals

Since different asymptotic distributions of the smoothing estimators may be obtained depending
on the longitudinal designs and whether and how fast mi, i = 1, . . . , n, converge to infinity, sta-
tistical inferences based on the asymptotic approximations may not be an appropriate option in
practice, and a widely used inference approach for nonparametric longitudinal analysis is through
the ‘resampling-subject’ bootstrap suggested in [6]. Under the current context, we can obtain a
pointwise bootstrap confidence interval for Ft,θ(t | x)[y(t) | x] by first obtaining B bootstrap samples
through resampling the subjects of the longitudinal sample with replacement, and then comput-
ing B two-step smoothing estimators {F̂bt,θ(t | x)[y(t) | x] : b = 1, . . .B} using Equation (5) and each
of the bootstrap samples. The lower and upper boundaries of the [100 × (1 − α)]th empirical
quantile bootstrap pointwise confidence interval of F̂t,θ(t | x)[y(t) | x] are the empirical lower and
upper [100 × (α/2)]th percentiles based on the bootstrap estimators {F̂bt,θ(t | x)[y(t) | x] : b = 1, . . .B}.
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Alternatively, if SD{F̂bt,θ(t | x)[y(t) | x]} is the empirical standard deviation of {F̂bt,θ(t | x)[y(t) | x] : b =
1, . . .B}, the [100 × (1 − α)]th normally approximated bootstrap pointwise confidence interval of
F̂t,θ(t | x)[y(t) | x] is

F̂t,θ(t | x)[y(t) | x] ± Z1−α/2 × SD{F̂bt,θ(t | x)[y(t) | x]},
where Z1−α/2 is the [100 × (1 − α/2)]th percentile of the standard normal distribution.

4. Application to NGHS BP data

Weapply ourmethod to theNGHSBPdata to estimate the conditional distribution functions of SBP, a
main cardiovascular risk outcome, of the Caucasian andAfrican-American girls and their trends over
age between 9 and 19 years old. The NGHS is a multicenter population-based observational study
designed to evaluate the prevalence and incidence of cardiovascular risk factors in Caucasian and
African-American girls during childhood and adolescence. The study involves 1166 Caucasian girls
and 1213African-American girls who had up to 10 annual follow-up visits between 9 and 19 years old
and whose numbers of follow-up visits have median 9, mean 8.2 and standard deviation 2. Among
all the important risk factors that have been studied by the NGHS investigators, childhood SBP is an
important one. Detailed information about NGHS data can be found at the National Heart, Lung and
Blood Institute Biologic Specimen and Data Repository website (https://biolincc.nhlbi.nih.gov).

Following the practical definition of age in paediatric studies (e.g. [18]), we round up the
observed age to one decimal point with J= 100 distinct time-design points {t1, t2, . . . , t100} =
{9.1, 9.2, . . . , 19.0}. Since our objective is to estimate the conditional distribution functions of SBP
for age t within the interior of the observed age range, we omit the boundary age of t= 9.0 years in
this analysis. According to this time-design points, the entire NGHS data has been partitioned to 100
data sets. The first data set corresponding to age 9.1 includes all girls that are in the age interval [9,
9.1) and so on for the rest of the data sets. The last data set with age 19 includes all girls that are in
the age interval [18.9, 19). In our preliminary analysis based on the goodness-of-fit tests of normality
for the SBP distributions at the time-design points {t1, t2, . . . , t100}, we observed that the conditional
distributions of the Box–Cox transformed SBP given age and race can be reasonably approximated by
normal distributions, while the conditional distributions of the actual SBP given age and race are not
approximately normal. The Shapiro–Wilk test shows that there is no evidence against the assumption
of normality when local Box–Cox transformation is applied on SBP data.More specifically, we see the
evidence that 99 of the 100 local Box–Cox transformed data sets are approximately normal when level
of significance is considered as 0.01. If the level of significance is set at 0.05, then 93 of these 100 are
approximately normal. On the other hand, if global log transformation is applied on SBP, we see 83 of
these 100 data are approximately normal when the significance level is 0.05. If the level of significance
is set at 0.01, then only 8 of the 100 data sets shows evidence of non-normality under the global log
transformation. Therefore, we have seen that more data are approximated to normal distribution by
local Box–Cox transformation than global log transformation.

Thus, for a given 1 ≤ j ≤ J = 100 and i ∈ Sj, we denote by Yi(tj) the Box–Cox transformed SBP
observation of the ith girl at age tj. The time-invariant categorical covariateXi is race, which is defined
by Xi = 0 if the ith girl is Caucasian, and Xi = 1 if she is African-American. The random variables
for the Box–Cox transformed SBP at age t and race are Y(t) andX, respectively. Given t andX= x, we
consider the family of normal distributions of SBP for this population of girls, that is, the conditional
CDF of Y(t) is given by the normal distributions Ft,θ(t | x)[y(t) | x] of Equation (2). Applying the two-
step local linear estimator of Equation (5) to the observed data {Yi(tj),Xi, tj; 1 ≤ j ≤ J, 1 ≤ i ≤ n}, we
compute the smoothing estimator F̂t,θ(t | x)[yq(t) | x] of Ft,θ(t | x)[yq(t) | x], where yq(t) is the Box–Cox
transformed (100 × q)th percentiles of SBP for girls with median height at age t [24]. By the mono-
tonicity of the transformation, Ft,θ(t | x)[yq(t) | x] is also the conditional probability of SBP at or below
the (100 × q)th SBP percentile given in [24] for girls with age t and race x. In addition to the smooth-
ing estimators based on the time-varying normal distributions Ft,θ(t | x)[yq(t) | x] in Equation (2), we

https://biolincc.nhlbi.nih.gov
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also compute the kernel estimator F̂t[yq(t) | x] of the unstructured conditional CDF Ft[yq(t) | x] of
Y(t) based on Equation (6) with the wi = 1/(nmi) and 1/N weights.

Figure 1 shows the local linear smoothing estimates 1 − F̂t,θ(t)[yq(t) | x] based on Equation (2)
(q= 0.90 in Figure 1(a); q= 0.95 in Figure 1(c); q= 0.99 in Figure 1(e)), the unstructured kernel esti-
mators 1 − F̂t[yq(t) | x] based on Equation (6) with wi = 1/N (q= 0.90 in Figure 1(b); q= 0.95 in
Figure 1(d), q= 0.99 in Figure 1(f)), and their corresponding empirical quantile bootstrap pointwise
95% confidence intervals based on B= 1000 bootstrap replications for Caucasian girls (x= 0). The
Epanechnikov kernel and the bandwidth h= 2.5 were used for both the local linear smoothing esti-
mators and the unstructured kernel estimators. The bandwidth of h= 2.5 was chosen by examining
the LSCV and LTCV scores and the smoothness of the fitted plots.

Figure 2 shows the local linear smoothing estimates 1 − F̂t,θ(t | x)[yq(t) | x] ((a), (c), (e)), the
unstructured kernel estimators 1 − F̂t[yq(t) | x] with wi = 1/N ((b), (d), (f)), and their correspond-
ing empirical quantile bootstrap pointwise 95% confidence intervals based on B= 1000 bootstrap
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Figure 1. Raw estimators (scatter plots), smoothing estimators (solid curves) and bootstrap pointwise 95% confidence intervals
(dashed curves, B= 1000 bootstrap replications) of the age-specific probabilities of SBP greater than the 90th, 95th and 99th pop-
ulation SBP percentile for Caucasian girls (CC) between age 9.1 and 19.0 years old. (a), (c), (e) Estimators based on the time-varying
Gaussian models. (b), (d) and (f ) Estimators based on the unstructured Kernel estimators.
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Figure 2. Raw estimators (scatter plots), smoothing estimators (solid curves) and bootstrap pointwise 95% confidence intervals
(dashed curves, B= 1000 bootstrap replications) of the age-specific probabilities of SBP greater than the 90th, 95th and 99th pop-
ulation SBP percentile for African-American girls (AA) between age 9.1 and 19.0 years old. (a), (c), (e) Estimators based on the
time-varying Gaussian models. (b), (d) and (f ) Estimators based on the unstructured Kernel estimators.

replications for African-American girls (x= 1) with q= 0.90, 0.95 and 0.99. Similar to Figure 1, the
estimators of Figure 2 are based on the Epanechnikov kernel and the bandwidth h= 2.5.

Both the smoothing estimates in Figures 1 and 2 exhibit similar trends over t. The estimates
1 − F̂t,θ(t | x)[yq(t) | x] are slightly lower than the estimates based on the unstructured approach
1 − F̂t[yq(t) | x]. The 95% confidence intervals of 1 − F̂t,θ(t | x)[yq(t) | x] are narrower than that of
1 − F̂t[yq(t) | x]. These narrower confidence band implies that local linear smoothing estimates from
structural nonparametric model give better results than the smoothing estimates from unstructured
nonparametric model. A comparison between the corresponding estimates in Figures 1 and 2 shows
that the African-American girls are more likely to have higher SBP values than the Caucasian girls. In
other words, African-American girl has higher probability to develop hypertension than Caucasian
girl. In each of the above figures, dots represent raw estimates, solid middle line represents smooth-
ing curve and dotted lines represent 95% pointwise bootstrap confidence band. A comparison of
Figure 1(e) with Figure 1(f) and Figure 2(e) with Figure 2(f) shows that the unstructured approach is
unable to estimate the tail probabilities atmany pointswhen q= 0.99, whereas the structural approach
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does not suffer this type of estimation problem. A close look at Figures 1(f) and 2(f) shows that none
of those few raw estimates falls within the 95% confidence band, which is another drawback of using
the unstructured approach in estimating extreme tail probabilities.

5. Simulation results

Following the data structure of Section 2.1, we generate in each sample n= 1000 subjects with 10
visits per subject. The jth visit time tij, of the ith subject is generated from the uniform distribution
U(j − 1, j) for j = 1, . . . , 10. Given each tij, we generate the observations Yi(tij) for Y(t) from the
following simulation design:

Yij = 21.5 + .7(tij − 5) − 0.05(tij − 5)2 + a0i + εij,

a0i ∼ N(0, (2.5)2), εij ∼ N(0, (0.5)2),
(11)

where εij are independent for all (i, j), and a0i and εij are independent. From Equation (11),
E[Yi(tij) | tij] = 21.5 + 0.7(tij − 5) − 0.05(tij − 5)2 and Var[Yi(tij) | tij] = 6.5. For each simulated
sample {(Yi(tij), tij) : i = 1, . . . , 1000; j = 1, . . . , 10}, we round up the time points so that each tij
belongs to one of the equally spaced time-design points {t1, . . . , t100} = {0.1, 0.2, . . . , 10}. Let yq(t)
be the (100 × q)th percentile of Y(t). It follows that P[Y(t) > yq(t)] = q. More specifically, let
y.90(t) and y.95(t) are the 90th and 95th quantiles of Y(t). Since Y(t) follows normal distribution,
hence P[Y(t) > y.90(t)] = .10 and P[Y(t) > y.95(t)] = .05. Our theoretical 90th and 95th quan-
tiles for 10 different time points from 100 different time points for the above model are given in
Table 1.

We repeatedly generate 1000 simulation samples. Within each simulation sample, we compute the
smoothing estimates of P[Y(t) > yq(t)] for q= 0.90 and 0.95 by the local linear estimators (5) based
on the time-varyingGaussianmodel (2) and the unstructured kernel estimator (6) using the Epanech-
nikov kernel and the LTCV bandwidths. The bootstrap pointwise 95% confidence intervals for the
smoothing estimators are constructed using empirical quantiles of B= 1000 bootstrap samples.

Let P̂q(t) be a smoothing estimator of P[Y(t) > yq(t)] = q, which could be either the local polyno-
mial estimators, e.g. Equation (5) or the unstructured kernel estimator of Equation (6). We measure
the accuracy of P̂q(t) by the average of the bias

∑M
m=1[P̂q(t) − q]/M, the empirical mean squared

error MSE[P̂q(t)] = ∑M
m=1[P̂q(t) − q]2/M or the square root of MSE[P̂q(t)] (root-MSE), where

M= 1000 is the total number of simulated samples. We assess the accuracy of a pointwise confi-
dence interval of P̂q(t) by the empirical coverage probability of the confidence interval covering the
true value P[Y(t) > yq(t)] = q.

Table 2 shows the averages of the biases, the root-MSEs, and the empirical coverage proba-
bilities of the empirical quantile bootstrap pointwise 95% confidence intervals based on B= 1000
bootstrap replications for the estimation of P[Y(t) > y.90(t)] = 0.10 at t = 1.0, 2.0, . . . , 10.0. For all
the 10 time points, the smoothing later local linear estimator based on the time-varying Gaussian
model have smaller root-MSEs than the kernel estimator based on the unstructured nonparametric
model. Comparing the empirical coverage probabilities of the bootstrap pointwise 95% confidence
intervals, we observe that the smoothing estimators based on the time-varying Gaussian model

Table 1. Theoretical 90th, 95th and 99th quantiles for 10 different time points out of 100 different time points from the model of
our simulation design.

Time (t) 1 2 3 4 5 6 7 8 9 10

Y.90(t) 70.01 112.01 150.01 184.01 214.01 240.01 262.01 280.01 294.01 304.01
Y.95(t) 71.15 113.15 151.15 185.15 215.15 241.15 263.15 281.15 295.15 305.15
Y.99(t) 73.29 115.29 153.29 187.29 217.29 243.29 265.29 283.29 297.29 307.29
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Table 2. Averages of the biases, the square root of the mean squared errors, the empirical coverage probabilities of the empirical
quantile bootstrap pointwise 95% confidence intervals (B= 1000 bootstrap replications) for the estimation of P[Y(t) > y.90(t)] =
0.10 at t = 1.0, 2.0, . . . , 10.0 over 1000 simulated sample.

Time-varying Gaussian model Unstructured nonparametric model Relative

Time Ave. bias
√
MSE Coverage Ave.Bias

√
MSE Coverage

√
MSE

1 −0.0014 0.0247 0.958 −0.0016 0.0306 0.949 0.8072
2 0.0002 0.0243 0.957 −0.0005 0.0319 0.952 0.7618
3 −0.0002 0.0244 0.958 −0.0009 0.0306 0.957 0.7974
4 0.0010 0.0252 0.948 0.0013 0.0324 0.951 0.7778
5 0.0010 0.0244 0.958 0.0002 0.0307 0.943 0.7948
6 −0.0012 0.0238 0.948 −0.0012 0.0306 0.947 0.7778
7 0.0013 0.0248 0.942 0.0014 0.0317 0.942 0.7823
8 −0.0009 0.0239 0.958 −0.0011 0.0302 0.952 0.7914
9 0.0007 0.0242 0.949 0.0008 0.0313 0.944 0.7732
10 −0.0014 0.0340 0.959 −0.0017 0.0430 0.955 0.7907

Notes: The smoothing later local linear estimators based on the time-varying Gaussianmodel are shown in the left panel. The kernel
estimators based on the unstructured nonparametric model are shown in the right panel. The Epanechnikov kernel and the LTCV
bandwidth h= 2.5 are used for all the smoothing estimators.

have higher coverage probabilities than the unstructured kernel estimators at most of the time
points.

When q increases to 0.95 and 0.99, Tables 3 and 4 show the averages of the biases, the root-MSEs,
and the empirical coverage probabilities of the empirical quantile bootstrap pointwise 95% confidence
intervals based on B= 1000 bootstrap replications for the estimation of P[Y(t) > y.95(t)] = 0.05 and
P[Y(t) > y.99(t)] = 0.01 at t = 1.0, 2.0, . . . , 10.0. Again, the smoothing estimator based on the time-
varying Gaussian model has smaller root-MSEs than the unstructured kernel estimator at all 10 time
points. In Tables 2 and 3, we have presented simulation results for only 10 time points out of 100 time
points.

The simulation results of Tables 2–4 suggest that, when the time-varying parametric model is
appropriate, the structural two-step smoothing estimators have smaller mean squared errors than
the unstructured smoothing estimators under a practical longitudinal sample with moderate sample
sizes. However, these results may not hold if the time-varying parametric model is not an appro-
priate approximation to the time-varying distribution functions of the longitudinal variable being
considered.

Table 3. Averages of the biases, the square root of the mean squared errors, the empirical coverage probabilities of the empirical
quantile bootstrap pointwise 95% confidence intervals (B= 1000 bootstrap replications) for the estimation of P[Y(t) > y.95(t)] =
0.05 at t = 1.0, 2.0, . . . , 10.0 over 1000 simulated sample.

Time-varying Gaussian model Unstructured nonparametric model Relative

Time Ave.bias
√
MSE Coverage Ave.bias

√
MSE Coverage

√
MSE

1 −0.0003 0.0165 0.959 −0.0014 0.0223 0.954 0.7399
2 0.0006 0.0162 0.955 −0.0003 0.0231 0.96 0.7013
3 0.0003 0.0162 0.965 0.0000 0.0211 0.963 0.7678
4 0.0013 0.0170 0.959 0.0003 0.0222 0.951 0.7658
5 0.0012 0.0165 0.962 0.0002 0.0230 0.958 0.7174
6 −0.0004 0.0158 0.959 −0.0012 0.0221 0.949 0.7149
7 0.0014 0.0167 0.95 0.0015 0.0233 0.946 0.7167
8 −0.0001 0.0160 0.952 −0.0006 0.0214 0.949 0.7477
9 0.0009 0.0162 0.949 0.0005 0.0223 0.946 0.7265
10 −0.0001 0.0226 0.955 −0.0016 0.0312 0.950 0.7244

Notes: The smoothing later local linear estimators based on the time-varying Gaussianmodel are shown in the left panel. The kernel
estimators based on the unstructured nonparametric model are shown in the right panel. The Epanechnikov kernel and the LTCV
bandwidth h= 2.5 are used for all the smoothing estimators.
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Table 4. Averages of the biases, the square root of the mean squared errors, the empirical coverage probabilities of the empirical
quantile bootstrap pointwise 95% confidence intervals (B= 1000 bootstrap replications) for the estimation of P[Y(t) > y.99(t)] =
0.01 at t = 1.0, 2.0, . . . , 10.0 over 1000 simulated sample.

Time-varying Gaussian model Unstructured nonparametric model Relative

Time Ave.bias
√
MSE Coverage Ave.bias

√
MSE Coverage

√
MSE

1 0.0004 0.0056 0.958 −0.0003 0.0102 0.951 0.5490
2 0.0007 0.0055 0.95 0.0002 0.0100 0.948 0.5500
3 0.0005 0.0054 0.949 0.0000 0.0100 0.947 0.5400
4 0.0010 0.0059 0.95 0.0004 0.0103 0.951 0.5728
5 0.0009 0.0057 0.949 0.0002 0.0101 0.947 0.5644
6 0.0003 0.0052 0.955 −0.0001 0.0097 0.953 0.5361
7 0.0009 0.0057 0.952 0.0005 0.0106 0.94 0.5377
8 0.0004 0.0054 0.947 −0.0004 0.0097 0.947 0.5567
9 0.0008 0.0055 0.951 0.0004 0.0104 0.948 0.5288
10 0.0008 0.0078 0.948 −0.0003 0.0146 0.941 0.5342

Notes: The smoothing later local linear estimators based on the time-varying Gaussianmodel are shown in the left panel. The kernel
estimators based on the unstructured nonparametric model are shown in the right panel. The Epanechnikov kernel and the LTCV
bandwidth h= 2.5 are used for all the smoothing estimators.

6. Discussion

We proposed a time-variant Box–Cox transformation known as the local Box–Cox transformation
for an approximation to normal family and then we proposed a class of time-varying parametric
models for the functional conditional distribution functions and a two-step local polynomial estima-
tion method on longitudinal data. These models, which belong to a class of structural nonparametric
models, are useful for longitudinal studies with large sample sizes. The two-step smoothing estima-
tors based on these models are superior to the completely unstructured nonparametric estimators for
the estimation of tail probabilities.

There are number of theoretical and methodological aspects that warrant further investigation.
First, theoretical and simulation studies arewarranted to investigate the properties of other smoothing
methods, such as the global smoothing methods through splines, wavelets and other basis approx-
imations and their corresponding asymptotic inference procedures. Second, flexible conditional
distribution-based regressionmodels incorporating both time-dependent and time-invariant covari-
ates are still not well-understood and need to be developed. Third, many longitudinal studies have
multivariate outcome variables, so that appropriate statistical models and estimation methods for
multivariate conditional distribution functions need to be developed.
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