The Principle of Inclusion/Exclusion

In a group of 45 people, 23 have brown hair and 18 have brown eyes and 6 have both
brown hair and brown eyes. How many have either brown hair or brown eyes? The immediate
response would be to answer 23 4+ 18 = 41 people have either brown hair or brown eyes. This
approach counts an individual who has both brown hair and brown eyes twice.

To correct this over-counting it is necessary to subtract the number of individuals who
have both brown hair and brown eyes. This will now count everyone who has either brown hair
or brown eyes exactly once. There are 23 + 18 — 6 = 35 people who have either brown hair or
brown eyes. How many have neither brown hair nor brown eyes? If 35 people have at least one
of brown hair or brown eyes then 45 — 35 = 10 have neither brown hair nor brown eyes. This
suggests the following theorem.

Theorem: For any sets A and B in a collection of n objects, the number of objects in A or B is
|Aor B| = |A| + |B| — |A and B|.

In one night at a local pizza delivery, 173 pizzas were ordered with pepperoni, 113 pizzas
with mushrooms and 67 pizzas were ordered with both pepperoni and mushrooms. If 542 pizzas
were ordered then how many pizzas had neither pepperoni nor mushrooms? There were
173 + 113 — 67 = 219 pizzas with at least one of pepperoni or mushrooms. This implies that
there were 542 — 219 = 323 pizzas with neither pepperoni nor mushrooms.

How many positive integers not exceeding 1,000 are divisible by 2 or 3? There are
% = 500 integers not exceeding 1000 that are divisible by 2. There are llzﬂJ = 333
integers not exceeding 1000 that are divisible by 3. However this over counts those integers that
are divisible by both 2 and 3 of which there are l%J = 166. Thus, there are 500 + 333 —

166 = 667 integers not exceeding 1,000 that are divisible by 2 or 3. To determine the number
of integers divisible by 2 and 3, we divided by 6. Please note that 6 is the least common multiple
of 2 and 3 rather than the product of 2 and 3.

How many positive integers not exceeding 1,000 are divisible by 6 or 15? There are
&600 = 166 integers not exceeding 1000 that are divisible by 6. There are l%J = 66 integers
not exceeding 1000 that are divisible by 15. However this over counts those integers that are
divisible by both 6 and 15 of which there are l%] = 33. Thus, there are 166 + 66 — 33 =

199 integers not exceeding 1,000 that are divisible by 6 or 15.

These concepts can be easily extended to any number of sets.

Theorem: The Principle of Inclusion/Exclusion: For any setsA;, 4,, A3, ..., Ay, the number of
objects in U¥_, 4; is

Y14l = XA 0 A + XA 0 A5 0 A =+ (DR N AL



Consider the following example involving convenience store purchases. Of 457

customers at a convenience store on a Monday, 213 bought gasoline, 127 bought a soft drink and
58 bought a newspaper. There were 78 customers who bought both gasoline and a soft drink, 20
who bought both gasoline and a newspaper and 18 who bought both a soft drink and a
newspaper. There were 4 customers who bought gasoline, a soft drink and a newspaper. How
many customers did not buy gasoline, a soft drink or a newspaper? There are 213 + 127 +

58 — 78 — 20 — 18 + 4 = 286 customers who bought at least one of gasoline, a soft drink or a
newspaper. Thus, there are 457 — 286 = 171 customers who bought neither gasoline, nor a soft
drink, nor a newspaper.

Homework

In an introductory economics class, 35 students created portfolios of stocks and tracked
their activity through the semester. There were 18 students who put Coke stock in their
portfolio and 14 who included Home Depot stock. If 7 students put both Coke and Home
Depot stocks into their portfolios then how many students have neither Coke nor Home
depot stock in their portfolio?

In a survey of 100 people, 73 drink Coke or Pepsi. Of those surveyed, 33 exclusively
drink Coke while 17 exclusively drink Pepsi. How many people drink both Coke &
Pepsi? How many people drink neither Coke nor Pepsi?

Of 200 movie patrons surveyed, 78 always bought candy or popcorn. Of those people,
45 always bought candy while 51 always bought popcorn. How many people always buy
both popcorn and candy?

Forty students are enrolled in History 102 and 27 students are enrolled in Biology 112.
How many students are enrolled in at least one of the two classes if

History 102 and Biology 112 meet at the same time?

History 102 and Biology 112 do not meet at the same time and there are 15 students who

are enrolled in both classes?

5.

A small local business has 85 offices. Of these offices, 70 have a computer, 25 have a
fax machine and 33 have a paper shredder. There are 20 offices that have both a
computer and a fax machine, 27 offices that have both a computer and paper shredder
and 15 offices with both a fax machine and paper shredder. There are 12 offices that
have a computer, fax machine and paper shredder. How many offices have none of
computer, fax machine or shredder?

A builder of 279 homes advertises that each home has at least 1 of the following
amenities: four side brick, basement or patio deck. There are 179 houses that are four
side brick, 125 homes have a basement and 212 have a patio deck. There are 79 homes
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that are four side brick and have a basement, 127 homes that are four side brick and have
a patio deck and 87 homes that have a basement and a patio deck. Beth wants to
purchase a home from this builder that has all three amenities. How many different
houses can she choose from?

At a local high school, 50 students are on the football team, 19 on the basketball team,
and 25 on the baseball team. There are 12 students who play both football and
basketball, 18 who play both football and baseball and 7 who play both basketball and
baseball. There are 4 students who play all three sports. How many students play on at
least one of football, basketball or baseball?

Can the following scenario occur? Explain. There are 95 students who play at least one
of football, basketball and baseball. There are 64 football players, 28 basketball players
and 29 baseball players. There are 17 students who play both football and basketball, 13
students who play both football and baseball and 12 students who play both basketball
and baseball.

How many positive integers not exceeding 1,000 are divisible by 8 or 20?

How many positive integers not exceeding 1,000 are divisible by 2, 3 or 5?

How many positive integers not exceeding 1,000 are divisible by 6, 9 or 15?



