
April 10 Math 2306 sec. 52 Spring 2023

A Look Ahead: Solving IVPs

If f (t) is defined on [0,1), is differentiable, and has Laplace transform
F (s) = L {f (t)}, then⇤

L {f 0(t)} = sF (s)� f (0)

Use this result to solve the initial value problem

y 0(t) + 2y(t) = 4, y(0) = 1

⇤ See the worksheet 12.
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Take 2 ofthe ODE



y 0(t) + 2y(t) = 4, y(0) = 1
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22y +2y3 =2243

2233 +22343 =42213

Let 22y(t)3 =Y (S)

SY(s) -y(0) +2Y(s)=
Plug in y(0):1 and isolatey (s)

SY(s) - 1 +2Y(s):

SY(s) +2Y(s) =2 +1

(s +a)Y(s)=
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Y(S) =
4 + s

* This is the tranform
s(s + 2) of the solution to the IUP

Find y(t) =1"[Y (s13

Partial fraction:

4 +S
I I +s

S(S +2)
Set s =0:

4+0 =A(2 +0) ->A =2
9+3 =A(s+2 +Bs[Sets=-2:
↓ 1 - 2

=B(-2) - B= - 1

Y(s) =-2
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y(+ 1 =e'[Y(s13

=22353-2'Esta

= a(l) -e
- 2+

The solution to the IUP is:

y =2 - e-2t
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Check the IC (Initial Condition):y(0) =2- i2=2- 1 =1w

Check the ODE:y' =2e.It

y' +2y
=?4

20.2
+
+2(2 - e-2t): 4

2e-2t + y - 2e
-
2t

=4

n =4r



Section 15: Shift Theorems

Suppose we wish to evaluate L �1
n

2
(s�1)3

o
. Does it help to know that

L
�

t2 = 2
s3 ?

Note that by definition

L
n

et t2
o

=

Z 1

0
e�stet t2 dt Note: e�stet = e�(s�1)t

Z 1

0
e�(s�1)t t2 dt
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It
e - set

-et
-

ste
- (s - 1)t

=SP-15-11tj2dt x+w =s - 1

=Je -wt 2dt
- 2!

=2!

W3 (S -1)3



Shift (or translation) in s.

Theorem: Suppose L {f (t)} = F (s). Then for any real number
a

L
�

eat f (t)
 
= F (s � a).

We can state this in terms of the inverse transform. If F (s) has an
inverse Laplace transform, then

L �1{F (s � a)} = eatL �1{F (s)}.

We call this a translation (or a shift) in s theorem.
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Example:

Suppose f (t) is a function whose Laplace transform1

F (s) = L {f (t)} =
1p

s2 + 9

Evaluate

L
n

e�2t f (t)
o

1It’s not in our table, but this is an actual function known as a Bessel function.
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I

-

(S +1)2 +9



Examples: Evaluate

(a) L {t6e3t} =
6!

(s � 3)7

(b) L {e�t cos(t)} s + 1
(s + 1)2 + 1

(c) L {e�t sin(t)} 1
(s + 1)2 + 1
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6!

15 - 377
(22563 =31 =F(s)

S
S + 1 =F(s)

-(st1)2+1
12Ecost3 =

32 + 1

G=- 1 F(s -(- 1)) =F(s+ 1)

I 25 Sint 3 = sat
-(s+1)2 + 1



Inverse Laplace Transforms (completing the square)

(a) L �1
⇢

s
s2 + 2s + 2

�

April 7, 2023 10 / 32

32 + 25+ 2 is irreducible -> Complete the square

' 52 +2s + 1 - 1 + 2 =7(s+ 1)2
+1

= 25+13, atneed
st1 where every is

Note 3 =S+1-1

S
S + 1 - 1 S +1 I

(SH)"1
=

(s+12+1
*

(541) 2 + 1 (s+1+1

= 2+13-2"[istir+12 "[FCs-as3=e*2Fis3
S set in32 +12
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=e+1[,+3-e+2Es, 3

=e-*Cost-2'* Sint


