April 22 Math 3260 sec. 52 Spring 2024
Section 6.4: Gram-Schmidt Orthogonalization

We saw that the orthogonal decomposition theorem says that if W is a
nonzero subspace of R". Each vector y in R” can be written uniquely
as asum

y=y+z
where yisin W and zis in W,

We have a formula for computing projy, y, but it requires an orthogonal
basis for W.

Big Question:

Given any-old basis for a subspace W of R", can we construct
an orthogonal basis for that same space?
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Theorem: Gram Schmidt Process

Let {x4,...,Xp} be any basis for the nonzero subspace W of R".
Define the set of vectors {vy,...,Vp} via
Vi = Xy

Xo * V4
Vo = Xo— V4
Vi -Vq

V3 = X3 —

p—1
Xy V;
p*Vj
V, = Xp,— V.
P P Z(W'W)’

Then {v4,...,v,} is an orthogonal basis for W. Moreover, for
eachk=1,...,p

Span{vy,...,Vk} = Span{xq,..., Xk}
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Example
Find an orthonormal (that’s orthonormal not just orthogonal) basis for
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