August 28 Math 2306 sec. 51 Spring 2023

Section 3: Separation of Variables

Recall that a first order equation of the form

dy
o = 9)h(y) (1)

is called separable.

» If h(c) =0, the y = cis a constant solution to (1).
» The equation (1) may be solved by separation of variables,
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Solutions Expressed as Integrals

Theorem: If g is continuous on some interval containing xp, then
the function

X
y=y0+/ g(t) ot
Xo

is a solution of the initial value problem % = g(x), y(x0) = Yo

Generalizing

If p and g are sulfficiently continuous then

y X ay  g(x)
z)dz :/ tHyat solves — ===, Xo) =
. p(2) . g(t) ax = p(y) y(X0) = Yo
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Example: Express the solution of the IVP in terms of an integral.

ay . _
o = sn0®) y(Va) =1

T hokby, K Ereos

-1
3(‘3() = & (Ym> y Xo= S ) 9s7 -

\é-_véo -~ Sq%('&>‘y€

Ko

x
V-1« g aam (£ 4

B

August 28, 2023

3/25



-
August 28, 2023

4/25



Section 4: First Order Equations: Linear
Recall that a first order linear equation has the form
dy

a1 (x) g +a(x)y = g(x).

If g(x) = 0 the equation is called homogeneous. Otherwise it is called
nonhomogeneous.

Provided ai(x) # 0 on the interval / of definition of a solution, we
can write the standard form of the equation . %

a6
dy [Ta%)
aJrP(x)y:f(x). Lo~ s

We'll be interested in equations (and intervals /) for which P and f are

continuous on /.
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The Solutions of % + P(x)y = f(x)

The solution to a first order linear ODE always has the same basic
structure

y(X) = yo(x) + yp(x) where

> is called the complementary solution. The complementary
solution solves associated homogeneous equation,
dy

— + P(x)y =0, and

o TPy

> is called the particular solution. The particular solution
depends heavily on f and is zero if f(x) = 0.

With higher order equations, we’ll have to find y. and y, separately, but for first order
equations we have a process for finding the whole solution.
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Motivating Example

Find the solutions of xz% + 2xy = €X.
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Derivation of Solution via Integrating Factor

Solve the equation in standard form

dy
g TPy =1(x)

Ao s &%Jo—'\':t\-\. v Mok M
o c\,-er'“/n-%iv{- ok~ o ‘Qmiosck

\ eSex S\Xq_ \DE- conef

Moasgly  Kew eaoeio
oal\ed ©En -.,\3\/9_5.-0"(-4\3

’i‘(r(x)\g\) .

gg\c;\—b(‘/ S Meh ’HN).

oy

M %2

lek ¥ gile
Madks Py Yoy, /r 0S¢ L' NS

v exucrs

August 28, 2023

10/25



b (3 k) = B
A

%(}»‘03‘;»%*%%%

Co mpan

T Saa

August 28, 2023

11/25



Fer b #o
%; = @(X)}h
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Integrating Factor

Integrating Factor

For the first order, linear ODE in standard form

ay

o+ POy = (),

the integrating factor
wu(x) = exp </ P(x) dx> .

Let’s list the steps involved in solving a first order linear ODE.
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