August 29 Math 3260 sec. 53 Fall 2025

1.3.2 Span

We’'ll recall that for vectors X = (xq, Xo,...,xp) and ¥ = (y1,¥o,..., y¥n) in A"
and scalar ¢ in R, vector addition and scalar multiplication are defined by

X+y=(X+Y1,X+Yo,..., X+ ¥n), and cxX = (cxq,Cxa,...,CXp).

Linear Combination in R"

Let S = {Vy, vo,..., Vk} be a set of one or more (k > 1) vectors in R".
A linear combination of these vectors is any vector of the form

CiVq + CaVo + - - - + Ck Vi,

where cq,...,cx are scalars. The coefficients, cq,...,ck, are often
called the weights. They can also be called coefficients.
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1.3.2 Span: Let’s Recall Some Examples

Last week, we determined that the set of all linear combina-
tions of the vector & = (1,0) in R? is the horizontal (i.e., xy)
axis.

In a previous example, we showed that the set of all vectors in
R® that are orthogonal to X = (1, —1,2) in R® have the form

y: y2<17170> +y3<_27071>7

where the scalars y» and y3 can be any real numbers. We
can call this the set of all linear combinations of (1,1,0) and
(—-2,0,1).

We'll call a vector like (1,1, 0) (with numbers but not variables in.it) a fixed vector.
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1.3.2 Span

Definition: Span

S. It is denoted

Let S = {\71,\72,..
The set of all possible linear combinations of the vectors in S is called
the subspace of R"” spanned by S. We often refer to this as span of

., Vx} be a set of one or more (k > 1) vectors in R".

Span(S) orby Span{vi,Va,..., Vk}.

Example: If Sis a set of one vector, S = {V}, then

Span(S) = {cV|c € R}.

That is, Span(S) = Span{V} is the set of all scalar multiples of the vector v. If
S = {u, v}, so Sis a set of two vectors, then

and so forth.

Span(S) = {c1U+ V| ¢y, € RY,
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Example

If S = {(}.1)}, then Span(S) is the set of all vectors that are orthogonal
to X = (4,—1).

Figure: For nonzero ¥, Span{¥} is a line in R? through the origin and parallel to V. Left:
Standard representation of (4, —1). Right: (4, —1), (1/4,1), and Span{(1/4,1)}.
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Example

If S ={(1,1,0),(~2,0,1)}, then

Span(S) is the set of all vectors in RS that are orthogonal to
X=(1,-1,2).

Figure: The set of all vectors orthogonal to (1, —1,2) is a plane containing the origin. This
plane contains the points (1,1,0) and (—2,0, 1).
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What does it mean for a vector to be in a subspace spanned

by a set?

\.

If S = {V,Vb,...,V}, then to say that the vector X is in
Span(S)—written X € Span(S), means that there exist some
scalars ¢y, ..., ¢, such that

Y:C1V1+CZV2+-~-+Cka.

7

The symbol “c” means “is an element of.” It can be read as “is in,” e.g.,

xe.-.-- “xisin.”
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Example: Let S = {(1,0,0),(0,1,0)}.

1. Which of the following vectors are in S?
V4 /

x X
(1,0,0), (2,0,0), (0,1,0), (1,1,0)

2. Which of the following vectors' are in Span(S)?

V. / J/ 1/

(1,0,0), (2,0,0), (0,1,0), (1,1,0)
3. Are there vectors in RS that are not in Span(S)? e
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"Note that Span(S) = {¢(1,0,0) + ¢2(0,1,0) | ¢1, c2 € R}.
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Example

Let S={u,v} where d = (1,1)and v = (1, -1).

1. Show that the vector X = (2, 3) is in Span(S).

2. Show that R? = Span(S).
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2. Show that R? = Span(S).
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