December 3 Math 3260 sec. 51 Fall 2025

6.2 Eigenvalues & Eigenvectors

We had defined the eigenvalues and eigenvectors of a square matrix
A as the numbers )\ and nonzero vectors X that satisfy the equation

AX = \X. (1)

The eigenvalues are the solutions of the characteristic equation

Pa(\) = det(A— Alp) =0

For a given eigenvalue A of a matrix A, the eigenspace corresponding
to X is the subspace of R"

Ea(\) = {¥ € R"| AX = A%} = N(A— Alp)
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AX = \X
Recall: An n x nmatrix A is invertible if and only if det(A) # 0.

» det(A)=0 = Aisnotinvertible,
» det(A) #0 = Aisinvertible.

An n x nmatrix Ais invertible if and only if zero is not and eigen-
value of A.

Question: What is the connection, if any, between det(A — Al;) and
det(A) if A =07? _
A&*( p\ ’»TV\X = M ( A‘ OL/\\ = A&*(A)
/\1 Q

December 1, 2025 2/21



Each eigenvalue )\; for a matrix A has two kinds of multiplicities:

> Algebraic: as a root of a polynomial—the power k on the factor
(A — \)K, and

» Geometric: dimension of the eigenspace—the number of free
variables for (A — \il,)X = Op.

If {V1,...,Vk} are eigenvectors corresponding to distinct eigenvalues
A, ..., A, then the set {4, ..., Vk} is guaranteed to be linearly inde-
pendent.
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Let A be an n x n matrix. If A has n linearly independent eigen-

vectors, Vi, ..., V, (combined across all eigenvalues), then the
set E4 = {V4,...,V,} is a basis for R" called an eigenbasis for
A.

Suppose Aisnx n

> If A has ndistinct eigenvalues, it is guaranteed to have an
eigenbasis.

> If A has fewer than n distinct eigenvalues, then
> it has an eigenbasis if the sum of all geometric multiplicities
is n;
> it doesn’t have an eigenbasis if the sum of all geometric
multiplicities is smaller than n.
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A =6 Ao = -3

vi = (1,1) Vo = (~8,1)
1. Create a matrix C having the eigenvectors as its column vectors.
2. Find C1.

3. Find the product C~'AC.

w0

A | —2 8
Example.A_{ 1 5}
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Example: A
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6.3 Diagonalization

An n x n matrix A is said to be diagonalizable if it is similar to

a diagonal matrix. That is, A is diagonalizable if there exists a
diagonal matrix D and an invertible matrix C such that

D= C'AC. CDC

The previous example suggests that diagonalizability is related to
making a matrix out of eigenvectors. This turns out to be true, but to
get an n x n matrix that is actually invertible, we need n linearly
independent vectors. This is where having an eigenbasis comes in.
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Facts About Similar Matrices

If A and B are similar matrices, the det(A) = det(B).

If A and B are similar matrices, then A and B have the same
eigenvalues, each with the same algebraic and geometric multi-
plicities.

If Aand B are similar, so they share an eigenvalue )\, the eigenvectors
corresponding to A are generally different.
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B=C'AC
Show that det(B) = det(A) and Pg(\) = Pa().
der (8) = LoX(CAC)
= der (7)) dek(A) 34D
Jok( A de (€N dek ()
- ek (n deN (CO)
s ouk (A dex (2R
= e (AL
= dev (A .

R: CAC

oy
QK"UL ¢ L}Q\
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T (0) = deb (R-xT2)

R-oNT. = CAC-2Ta  , T.:=C3.C
- Z'aC-xCT.C
=é\(AC_>\—;v\C\

c <P\— ~TNC

B, (s ek (BT
3ok (C (AT
CL (@) dek CAnTa) det(C)
c oy (A oxTa) = Ru O
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Let A be an n x n matrix. Then A is diagonalizable if and only if
A has n linearly independent eigenvectors.

Moreover, if A is diagonalizable, then there exists a diagonal ma-
trix D such that D = C~'AC where the columns of the invertible
matrix C are the vectors in an eigenbasis, 4, for the matrix A,
and the diagonal entries of the matrix D are the eigenvalues of
A.

Big Idea 1: If A has ndistinct eigenvalues, then it is guaranteed to be
diagonalizable. If it has less than n distinct eigenvalues, it may or may
not be diagonalizable.

A is diagonalizable if the sum of the geometric multiplicities is n.

December 1, 2025 12/21



Moreover, if A is diagonalizable, then there exists a diagonal matrix D
such that D = C~'AC where the columns of the invertible matrix C
are the vectors in an eigenbasis, £4, for the matrix A, and the diagonal
entries of the matrix D are the eigenvalues of A.

Big Idea 2: If Ais diagonalizable, then

A 0 -+ 0
I oo

columns are e. vecs
entries are e. vals
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Example

2 4 3
Let A= { -4 -6 -3 ] . The characteristic polynomial
3 3 1

P4()\) = (1 — \)(2 + A\)2. Determine whether A is diagonalizable.

Fiad eovales . Pa(X)=0 = (1) (2eX)=0

-DM__ 1 ol >\_,_'= -Z

: e c G’“" >\1_1_2'
Find evsenN Socr . o
S\ (A - vl —&\ X = Os
6]
\

Lol
- it “4 s rro‘(’ O
Aty = &»u\ -“ ?X - Oo 0 0
2 .
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K, = Mo Hamb X30
)

Gf-owvu,\.r*(_ o~ G >\l N :]’

P\ A% ~ o é:‘o\gw\,&_;%a\o\{‘

A will have one linearly independent eigenvector
for the other eigenvalue (1). But

since A only has one linearly independent
eigenvector for -2, we only get two

linearly independent eigenvectors in total.

Since A is 3x3, we'd need three to build

an invertible matrix. Hence A is not
diagonalizable.
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