December 3 Math 3260 sec. 53 Fall 2025

6.2 Eigenvalues & Eigenvectors

We had defined the eigenvalues and eigenvectors of a square matrix
A as the numbers )\ and nonzero vectors X that satisfy the equation

AX = \X. (1)

The eigenvalues are the solutions of the characteristic equation

Pa(\) = det(A— Alp) =0

For a given eigenvalue A of a matrix A, the eigenspace corresponding
to X is the subspace of R"

Ea(\) = {¥ € R"| AX = A%} = N(A— Alp)
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AX = \X
Recall: An n x nmatrix A is invertible if and only if det(A) # 0.

» det(A)=0 = Aisnotinvertible,
» det(A) #0 = Aisinvertible.

An n x nmatrix Ais invertible if and only if zero is not and eigen-
value of A.

Question: What is the connection, if any, between det(A — Al;) and

GATA=07 | x0T = &Y (A-OT) = dok (s

A
\=0
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Each eigenvalue )\; for a matrix A has two kinds of multiplicities:

> Algebraic: as a root of a polynomial—the power k on the factor
(A — \)K, and

» Geometric: dimension of the eigenspace—the number of free
variables for (A — \il,)X = Op.

If {V1,...,Vk} are eigenvectors corresponding to distinct eigenvalues
A, ..., A, then the set {4, ..., Vk} is guaranteed to be linearly inde-
pendent.
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Let A be an n x n matrix. If A has n linearly independent eigen-

vectors, Vi, ..., V, (combined across all eigenvalues), then the
set E4 = {V4,...,V,} is a basis for R" called an eigenbasis for
A.

Suppose Aisnx n

> If A has ndistinct eigenvalues, it is guaranteed to have an
eigenbasis.

> If A has fewer than n distinct eigenvalues, then
> it has an eigenbasis if the sum of all geometric multiplicities
is n;
> it doesn’t have an eigenbasis if the sum of all geometric
multiplicities is smaller than n.
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A =6
vi = (1,1)

Ao =-3

K 8} V2 = (-8,1)

Example: A = { 1 5

1. Create a matrix C having the eigenvectors as its column vectors.

2. Find C1.
3. Find the product C~'AC.

WesetupC“ _?}.Theinverseturnedouttobe
1 8

-1 _ !

C =5 _1 1}Notetha’[
[ -2 8 1 -8

AC=1 5“1 1}

| 6 24
|16 -3
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. [-2 8 A =6 Ao = -3
Example: A=1 4 5 V=11 Th=(-81)
So the final result ended up

C'AC =

So C~'AC is a diagonal matrix with the eigenvalues on the main diagonal.
The order they appear in matches the order we chose for the eigenvectors

|
when creating C = [ Vi Vo |.
|
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6.3 Diagonalization

An n x n matrix A is said to be diagonalizable if it is similar to

a diagonal matrix. That is, A is diagonalizable if there exists a
diagonal matrix D and an invertible matrix C such that

N

o

_ -1
D=C 'AC. A

The previous example suggests that diagonalizability is related to
making a matrix out of eigenvectors. This turns out to be true, but to
get an n x n matrix that is actually invertible, we need n linearly
independent vectors. This is where having an eigenbasis comes in.
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Facts About Similar Matrices

If A and B are similar matrices, the det(A) = det(B).

If A and B are similar matrices, then A and B have the same
eigenvalues, each with the same algebraic and geometric multi-
plicities.

If Aand B are similar, so they share an eigenvalue )\, the eigenvectors
corresponding to A are generally different.
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B=C'AC
Show that det(B) = det(A) and Pg(\) = Pa()\).
der (®) = der( C'AC) .
 aak( £ Sak(A) deX( O o 1
= dek(A) deA(C) deb () e
Csa(ay daN(E'O)

NN

R- CAC
T, () = das(w- 230
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R-»T.: CAC -xX. T.-CT.C

"

CAC-XxCTaC

n

& (AC.-ATnC)

¢ (n->TNC

|\

T (0= k(- 2T
= dax (c"(f\—fiw\(-\
= JeN(A-ATN)
=% 0N
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Let A be an n x n matrix. Then A is diagonalizable if and only if
A has n linearly independent eigenvectors.

Moreover, if A is diagonalizable, then there exists a diagonal ma-
trix D such that D = C~'AC where the columns of the invertible
matrix C are the vectors in an eigenbasis, 4, for the matrix A,
and the diagonal entries of the matrix D are the eigenvalues of
A.

Big Idea 1: If A has ndistinct eigenvalues, then it is guaranteed to be
diagonalizable. If it has less than n distinct eigenvalues, it may or may
not be diagonalizable.

A is diagonalizable if the sum of the geometric multiplicities is n.
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Moreover, if A is diagonalizable, then there exists a diagonal matrix D
such that D = C~'AC where the columns of the invertible matrix C
are the vectors in an eigenbasis, £4, for the matrix A, and the diagonal
entries of the matrix D are the eigenvalues of A.

Big Idea 2: If Ais diagonalizable, then

A 0 -+ 0
I oo

columns are e. vecs
entries are e. vals
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Example

2 4 3
Let A= { -4 -6 -3 ] . The characteristic polynomial
3 3 1

P4()\) = (1 — \)(2 + A\)2. Determine whether A is diagonalizable.

F'. r\é '\J\/\E, c. \/alf, '?p.. (/\\ = O

Q-N(z+xY=0 = Xz | x2 Xo=-2

L.’De\é -C*b( €. \jcc\—orfA
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g oz ‘
A - (“'—)I—& = - -+ -3 il:f)"f o
3 3 3
(A+7:\:3‘)$<>63
OA\D © ~rR &I\QL \lo\A\c\o[-e—,
n [ v%
o 0“\\3 yk +wo ﬂ\"- \ AC—P" de

PACSRNTRS i Trare & wio Agew loas's ©
A S no¥ é\asoon;\‘L-a\A.e_'

A 3x3 matrix would need three lin. independent
eigenvectors. But we only got two. This wasn't
really obvious until we actually found the
geometric multiplicity of -2.
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Example

Diagonalize the matrix A = [ :g g } if possible.

e Q..\/a\?. s A
dx (AT )= &k K—l‘, N
= (w-2)(s-x) - B

= X"~ -20+8
DN Ny = € O

N_ox-2=0 2 (n-2 YO )= O

>\|‘-7, aké >\7_:—\
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—4 3 Twd 2 Jd—ser
—= A \34'\- Je
A= -6 5 ]

A

_<° E (T'e,‘% \ .'\'1
e A—ltl_— -6 3 — o ©

A‘ ._17.. SQCFE ./Xl_'_A;XZ.
( D) 5 > g o
v A
Lo () =% {5,

\Ic_c,l—o(‘ K¥s

k)g\"} '7(—,_;& f O~ -@ns,(.u\

_{‘]‘- K\,7~54

1_‘—]/ ) _\‘I-\.: L\,‘j

e- 20y > B4
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. 4
H.Dre: 'l/‘r—k_ V-OFL» La,— /\z__’ '\ A:|: 6

-% 3 (et |V -
{_\"(:'\B-E-(_: [-(, (o} — &OOX

So (f'\‘\'l_'i\s< 2 0a '>’<;-4zw\_
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