February 15 Math 2306 sec. 51 Spring 2023

Section 6: Linear Equations Theory and Terminology

We are considering n'" order, linear, homogeneous equations’.

d"y an-1 d
an(X) o + @n-1(X) oy e @(X) o + a(x)y =0

And we had stated the principle of superposition that says that if we
have a collection of solutions, y4, yo, . .., ¥k to this homogenous ODE,
then any function of the form

¥y = c1y1(X) + Coya(X) + - - - + ckyk(x)

is also a solution. We called this form a linear combination.

'Assume a; are continuous and an(x) # 0 for all x in /.
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Linear Dependence/Independence
If we have a set of functions, fi(x), f2(x),. .., f,(x), we can form a
linear combination that is equal to zero for all x in some interval.

cifi(x) + cofo(X) + -+ -+ cafa(x) =0 forall xinl.

Linear Independence

If the ONLY way to make this trueisforci = ¢ = --- = ¢, =
0 (i.e., all ¢’s must be zero) then the set of functions Linearly
Independent.

Linear Dependence

If it's possible to make this true with at least one of the ¢’s being
nonzero, then the set of functions Linearly Dependent.

.
\.
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Examples

The set of functions {sin x, cos x} are linearly independent on
(—00, ).

The set of functions {x?,4x, x — x?} are linearly dependent on
(—00, 0). ~
Lx - S ()4 (x-x) =0

| claimed that there would be a test that could be used to determine
whether a set of functions was linearly dependent or independent. The
test involves this thing called a Wronskian.
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Definition of Wronskian

Definition: Let f, £, ..., f, posses at least n — 1 continuous
derivatives on an interval /. The Wronskian of this set of functions is
the determinant

2 f .. f

B

W(fi by D)) = | )
f1(n—1) f2(n—1) o fr(ln_1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Determine the Wronskian of the Functions

fi(x) =sinx, f(x)=cosx

We computed this one last time.

sin X cos X

. =—1
cosX —sinX

W(f1 s fg)(X)

February 14, 2023

5/25



Determine the Wronskian of the Functions

f1(X):X27 f2(X):4X7 fS(X):X_XZ

2 Londrons = Bk 3 e

X Yy X =X+

Wb, £, 806 = | 4 L

AT ool
o -t z -2 . 7 o
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- ><1(—g~0> SUy (—w _2 (\_zx§\>"’(>c->[°3 <o 28

= —8x1’—L4x(—“4%—Z+V%\—8X « X"

o. L
—8><,L*‘ gk R x +8x

=0

w(§ 2, )00 = O
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Theorem (a test for linear independence)

Let fy, f,...,f, be n— 1 times continuously differentiable on an
interval /. If there exists xo in / such that W(fi, &, ..., f)(Xx0) # O,
then the functions are linearly independent on /.

Remark 1: We can compute the Wronskian W as a test:
W =0 = dependent or W # 0 = independent
Remark 2: If the functions yy, y», .. ., ¥» all solve the same linear,

homogeneous ODE on some interval /, then their Wronskian is either
everywhere zero or nowhere zero on I.
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Determine if the functions are linearly dependent or
independent:

X 2x

yi=¢€, yp=e% |=(—00,00)

% Con USe 5(\/\& \Jren~gloien |

% -2y
e

Wy, Y.)060 =

% -2x
e —Zex

. 8\6 <—2€‘Zx3 _ g(ézx>
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The Loncanns
W &‘D—Qv\é,o.u\;%

e \'\ waa~\ s
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Fundamental Solution Set

dny dn—1y dy
o axrt T Al

Assume g; are continuous and a,(x) # 0 for all x in /.

an(x) + an—1(x) +ay(x)y=0

Definition: A set of functions yi, y», ..., ¥» is a fundamental solution
set of the n' order homogeneous equation provided they

(i) are solutions of the equation,
(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

dny dn—1y dy
W + anf1(X)W + -+ a4 (X)a + aO(X)y = 0

Assume a; are continuous and a,(x) # 0 for all x in /.

General Solution Homogeneous ODE

Let y1, ya,...,¥n be a fundamental solution set of the n'" order
linear homogeneous equation. Then the general solution of the
equation is

an(x)

y(x) = c1y1(X) + Caya(X) + - - + CnYn(X),
where ¢4, Co, ..., Cy are arbitrary constants.

J
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Example

Verify that y; = x2 and y» = x3 form a fundamental solution set of the
ODE

x2y" —4xy’ +6y =0 on (0,00),
and determine the general solution.

e o o Shew -\/\/\Q\—— we.  \nawa ‘\'wb)
\'\MW-L) '\V\;)offmél\,s(f Solubions .
Lﬁ\: \IU:LU \J\MJ—- «\4/\.\3 are g\\w\c\gv\s |

2

‘d\lr 9;1 xzxg\” ~Ux vé‘\+ 6y, _«;’o "
&iu:_; ' XL@)*‘M((ZX)\&(O(X""):‘Q e o.lbh
\ o B Qxﬂ, jo gV

O =0
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\31-: X
Y-

= BX"’

1]

@)4—}-—\2. )63-(' G W

(.AJQ- \/\0\-\\-7\ g\kb—"';Qw\_f .
see . Vinporly n depandent
\n.\nmg\,_‘m,\ )

><L ><3
w(\g‘lﬁzﬁ(ﬂ: .

N Sing

2% 3x°

= XL<?SX'LB~ A% (x?>

X9 -Uxy by, 20

vl (C:X\ —Hx(gym\_k G (%3)
D2 * (ox :

\\L,*\" g\/\_g\> M ,k\/\\o

e
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R

= ‘3><\1 _o7xt

\.1
Wiy, ,ydto = X #+0

AUALL wl owe Y, o= \\\N}.,O-(‘\,\j ‘\,W&.@ ande A ,./

(UNES Woue & —QuAéOmewx—QQ SRS o Sek.

The 3ev\e,~¢Q §m\u¥;»\ D C‘kﬁ\“'c"-\ol

73
Y X+ X
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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General Solution of Nonhomogeneous Equation

General Solution Nonhomogeneous ODE

Let y, be any solution of the nonhomogeneous equation, and let
Y1, Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

Y = ciy1(X) + Caya(X) + - -+ + Cnyn(X) + ¥p(X)

where ¢y, ¢y, . .., Cy are arbitrary constants.

Koc: C\\3‘+C7,3.\_ + e F C"‘\O’\

Note the form of the solution y; + yp!
(complementary plus particular)
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Superposition Principle (for nonhomogeneous eqgns.)
Consider the nonhomogeneous equation

n n—1
00D b0 () %Y 0Dt 2oy = 1) 20 (1

Theorem: If y,, is a particular solution for

dy
an(X) % + -+ a(x)y = gi(x).

and yp, is a particular solution for

dn
an(X) 5+ @(X)y = Ga(x),

then
Yo =Yoi + Yo,
is a particular solution for the nonhomogeneous equation (1).
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Example x2y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

I
Je, = O -

| 2 1 ( .
9. 7O XT9e, ~Mxy 4Gy 5 36

(AN

oy -ux(0+ 6 (6) =36
36 =3

}9 0 A o S e\ w"\“—%nf\
L

/
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

\Jf’zl = - I ( Z
o o K96, T, Y, = 71X
€,
K
X2(0) ~Mx (<) 1+ G(-FIx) = ~9x
2@% - MTx = IR
/

Ypr 15 @ shohen Slux o=

“x
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of

x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.
N = Ye e Ye =Y, “Ye.

UC’— C\\j\f CZ\.O'L \of-, @- ’}X
3
Yo Coxw X

The Setwerc\ seldrom 1S
5
0° CX = (X * G- %
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Solve the IVP
X2y" —4xy' + 6y =36 —14x, y(1)=0, y'(1)=5

T Senerel e Vihan 1S

Y= C X = Cux s G- Fx

Yrne C. Co.

J

L
y's 20k +3Cx

3
yy =0 = & (- (0D + - +Q)

C, +C —_\
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U'(\)c S =2 (Y 3G (\Z-F

2C 3 (2 =\

c, + C. =\

Zc,« 3G =T
-< Aty 20 = \> Cy= |- (2,;_0]
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