February 16 Math 3260 sec. 51 Spring 2022

Section 1.9: The Matrix for a Linear Transformation

Let T: R" — R™ be a linear transformation. There exists a unique
m x n matrix A such that

T(x) = Ax forevery xeR".

Moreover, the j column of the matrix A is the vector T(ej), where e is
the j column of the n x nidentity matrix /,. That is,

A=[T(er) T(e2) - T(en).

The matrix A is called the standard matrix for the linear
transformation T.
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The Property Onto

Definition: A mapping 7 : R” — R is said to be onto R™ if each b
in R™ is the image of at least one x in R"—i.e. if the range of T is all of
the codomain.

If T:R" — R™is an onto transformation, then the equation
T(x)=Db

is always solvable. If T is a linear transformation with standard matrix
A, then this is equivalent to saying Ax = b is always consistent.
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The Property One to One

Definition: A mapping T : R” — R™ is said to be one to one if each
b in R™ is the image of at most one x in R".

If T:R" — R™is a one to one transformation, then the equation

T(x)=T(y) isonlytruewhen x=y.

Remark: In terms of the standard matrix A, being one-to-one means
that

if Ax =b is consistent, then there is exactly one solution.
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Determine if the transformation is one to one.
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Two Distinct Properties

T(x):[é ? g]x

Remark: We saw that this linear transformation

» |S onto, but

» it IS NOT one to one.

This illustrates that, in general, these two properties are distinct. A
transformation could be onto, one-to-one, neither, or both.
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Some Theorems on Onto and One to One

Theorem: Let T : R" — R be a linear transformation. Then T is

one to one if and only if the homogeneous equation T(x) = 0 has only
the trivial solution.

Theorem: Let T : R" — R be a linear transformation, and let A be
the standard matrix for T. Then

(i) T is onto if and only if the columns of A span R™, and

(i) T is one to one if and only if the columns of A are linearly
independent.
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Example

Let T(x1,x2) = (X1,2X1 — X2, 3x2). Verify that T isonetoone. Is T
onto?
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