February 24 Math 2306 sec. 52 Spring 2023

Section 8: Homogeneous Equations with Constant Coefficients

We were considering second order, linear, homogeneous ODEs with
constant coefficients.
d?y dy

aw+ba+cyzo, with a # 0.

We looked for solutions of the form y = ™ for constant m and found
that we’'ll get such solutions i§ m is a root of the
characteristic equation

am® +bm+c=0.
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # mo

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b?> — 4ac < 0 and there are two roots that are complex conjugates

m=a+igand m, =a —ip.

We talked about the first two and need to consider the last one.
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Case I: Two distinct real roots

ay’ +by' + cy =0, where b?—4ac>0.

There are two different roots my and m». A fundamental solution set
consists of

y1 =€e™M* and y, = e™*.

The general solution is

y = c1e™* + coe™X,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

If the characteristic equation has one real repeated root m, then a
fundamental solution set’ to the second order equation consists of

y1 =€e™ and y, = xe™.

The general solution is

y = c1€™ + coxe™.

'See workbook exercise 2(b) from sec. 6 on linear independence.
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Example
Solve the IVP
y'+ 6y +9y =0, y(0)=4, y(0)=0
Qelee P <DE
Cloack oRSh T @gn. M™% 9=0

(me3Y =0 = m=-3 deble

-3% “3x

Y.= € , \gz'—)(@

T‘A'L %‘C\A—C’Y‘/K so\u‘\"lg\
-3x

-Sx
vrClie + GX e
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?—4ac<0

The two roots of the characteristic equation will be

m =a+iB and mo,=a—i3 where #=—1.

Q7°
We want our solutions in the form of real valued functions. We start by
writing a pair of solutions

Y1 — e(a+iB)X — eozxeiﬂx’ and Y2 _ e(a—iﬂ)x — eaxe—iﬁx.

We will use the principle of superposition to write solutions y; and
y» that do not contain the complex number i.
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Deriving the solutions Case Il
Recall Euler's Formula? : e = cos@ + isin é.

Y1 — eaxeiﬁx

[0

e C’M(g.x) + <,€~WL%,<3>

ax

& & (gx) viE S (w\

- &” <C:»(éx§ SN 2D

S Cos(ex) - & S (px)

o

Y2 — eaxefiﬁx

s s (R = J‘ZCQQ%G” (VX\> -G ()
gor 2 (29 - = (20 & smfpo) =

2As the sine is an odd function e~

ewgm(ﬂgx)

= cosf — isinf.
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Case lll: Complex conjugate roots

ay’ +by +cy=0, where b?>—4ac<0

Let « be the real part of the complex roots and 3 be the imaginary part
of the complex roots. Then a fundamental solution set is

y1 = €% cos(fx) and y, = e**sin(Bx).

The general solution is

y = c16* cos(Bx) + c.e* sin(Bx).
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Example

Find the general solution of i + 4dX +6x=0
9 az Tt Bhe

Ckw&d;s\.c 29w
mirUm b =0
Com Qledrs X Sqor=
Mmtaed mard-4 +6 =0
(ent2)d*+ 2 =0

(M-\—’Z,)Z—- -7

(A =% E

X ( .
Myt = — B
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Mo -72 2z 0

A= -7 ond ?: T2
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X, = e CoS(E{U)) X,= € s ~(14)

2k -2k
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Higer Order Linear Constant Coefficient ODEs
T X
)= e
» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(5x) and e** sin(3x)
for each pair of complex roots.

> It may require a computer algebra system to find the roots for a
high degree polynomial.
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Higer Order Linear Constant Coefficient ODEs:
Repeated roots.

» For an n degree polynomial, m may be a root of multiplicity k
where 1 < k < n.

> If a real root mis repeated k times, we get k linearly independent
solutions

emx’ Xemx’ X26mx’ e Xk—1 ™
or in conjugate pairs cases 2k solutions

e** cos(x), €**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e" cos(x), x¥~1e™ sin(Bx)
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Example
Find the general solution of the ODE.
y"-3y"+3y'—y =0
Cliorethe st e~
2.3 -\ = Q
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