February 27 Math 2306 sec. 51 Spring 2023

Section 8: Homogeneous Equations with Constant Coefficients

We were considering linear, constant coefficient, homogeneous
equations.

any(n) + an_1y(n_1) +--+ay = 0
where each a; is constant.

We assume that y = €™ for constant m, and obtain such solutions
when m is a solution to the polynomial characteristic equation

anm"+a,_1m" ' +...+am+a =0
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any(n) + an_1y(”*1) +---+ay=0
> We have to get n linearly independent solutions.
» Complex roots have to appear in conjugate pairs.

» If m; is a root of multiplicity k, we get k solutions
em,~x7 )(ef'l”l,‘X7 X2em,-x’ . 7)(/(—1 em/x

> If o + i is a complex conjugate pair of multiplicity k, we get 2k
solutions

e* cos(fx), e**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e™ cos(Bx), x¥~ 1€ sin(x)

» The general solution is the linear combination

y=acy1+cya+ -+ Cnyn
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Example
Find the general solution of the ODE.

y#®43y" -4y =0
qM’\ s—r&,\) o Qméamo_b_‘c'a& 9°l‘fh;>~\ Sk w\k\

W Qovf Soluimon 5.
Corarackect SN € egn
M 3T - ﬁ =0
Lo ckor s (mz 4 a )z~ )=0

(meey) (M-\) (m=+\) = O
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Example
Consider the ODE

y©® —6y™) £ 104y 4+ 9y" — 312y’ + 2704y = 0.
The characteristic equation is
m® —em* +104m> + 9m? — 312m + 2704 = 0

which factors as
(m—-2)2+9)%(m+4)?=0.
Find the general solution.

N Qwiamew&&d go\‘,\\—a;\,\ Cox

‘A 4’
w\\\ \/\0\,-\ SW ) ,O'\V\le-\> -Q\e_j\,\é}\/\_

So ludon ¢
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(M—2)2+92(m+4)2=0

(M-—(—bt)lff o} = Mm+Yso = M =-Y é%u\okt
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r4
wa= e Cos(2x) Ys = X & s (3x)
2 Z
Dv\_ek Sm('b’x) u:)b—,«)(exsm(’sx)

T)’\"* %‘e,me/cjl S/u\ V\A":Qv-\ "3

-\y 2L
Y= cev+( Xe +C3e Cos(qx)J«CMe, S (3x) v

(225
« coxe Gs(@x) + Coxe Sin (3%)
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Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any'™ + an_ 1y 4+ a0y = g(x)
where g comes from the restricted classes of functions
» polynomials,

\- X
> exponentials, &
> sines and/or cosines, < (e o~ Cos ()

» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example’
Find a particular solution of the ODE
y' -4y +4y =8x +1
The teft 15 consdent Gl as B caglb s

6N (Do\awc{v\‘& .

?(X)T @)(“'\ ﬂ_s* Aegrce, Po)jl\_g,,‘*&
\ -‘ l(
wl\\ NoceS 6 VDP ol 4 0ess
Ytk \O? s Mol some ke o Q_cm o

. . \S&- Aeco/\o.e, PQ\D
os g(x), e. Yy oA

'We’re only ignoring the y part to illustrate the process.
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y'—4y' +4y =8x +1

Swppoee Ne ~ A\(-&B . Suwe his A

\i)fl‘ A
Lj‘a“ =0

gt - g+ g =

O-%(A\HU\WQZ%X*(
WP+ (HA+4E) = B vl
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A=y UB= I-4A - V- (2) =49
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Motivating Example

Find a particular solution of the ODE

y" —4y' +4y = 8x + 1

We found the particular solution

9
ypf2x—i—4

by
» guessing that y, is the same kind of function as g,
» setting it up with undetermined coefficients (A, B, etc.), and
» substituting it into the ODE to find the coefficients that work.
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The Method: Assume y, has the same form as g(x)

y// o 4y/ +4y _ 66_3X

Focus on Ygf GM\yA

- S 2
56 = (8 egx Conshak The=s @
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e ™4 (3ae™ )+t (A )= ™

QSAé"X = é)éjx

MQ\'C\I\'Y\‘B \l\AA-Q, '\'?MS
QSA = b
6
A= 23
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The Initial Guess Must Be General in Form
Find a particular solutionto  y” — 4y’ + 4y = 16x?

j&)‘; )(ax’b M one n el u, 'XZ

ﬁ}uaéra-\—.,c,

Qg PO T ch(\é,a\, G Y he a moonent

Sek Ye Ax® sub

e = ThX
9" = 2
jPH % (O]p\+L{D\P =l XZ
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an - (21 p) = Lox?

< L 2A = lox "41ox +O
X"- 8 A x PO

4 A
_ false
oty /:ﬁ :'f \ﬂ Y=o
zhk =@

Our initial guess was wrong! We didn't account for x or constant te

\\/)P < ]‘\XL‘(’(EX “'C

This would be the correct form for the particul:
solution.
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