February 27 Math 2306 sec. 52 Spring 2023

Section 8: Homogeneous Equations with Constant Coefficients

We were considering linear, constant coefficient, homogeneous
equations.

any(n) + an_1y(n_1) +--+ay = 0
where each a; is constant.

We assume that y = €™ for constant m, and obtain such solutions
when m is a solution to the polynomial characteristic equation

anm"+a,_1m" ' +...+am+a =0
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any(n) + an_1y(”*1) +---+ay=0
> We have to get n linearly independent solutions.
» Complex roots have to appear in conjugate pairs.

» If m; is a root of multiplicity k, we get k solutions
em,~x7 )(ef'l”l,‘X7 X2em,-x’ . 7)(/(—1 em/x

> If o + i is a complex conjugate pair of multiplicity k, we get 2k
solutions

e* cos(fx), e**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e™ cos(Bx), x¥~ 1€ sin(x)

» The general solution is the linear combination

y=acy1+cya+ -+ Cnyn
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Example

Find the general solution of the ODE.

y W43y —4y =0

g¥ . = owr Lord rcodrall Selmon ek

Gl heue U4 dncndependeat SolL\lons

CharaCres s¥ic €94
Mq_‘,’gm’b—»u\ = Q
'-Pﬁe)ce-“ CMZ‘+\1 BCM'Z’— | > =0
(N\z-i—\(\(M—\\(\M{—\) =0
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Mmi+ =0 = W= -H
(\/\':__\_i—\—{ \Q:F

"M== = 2; O,f’g‘(og(ﬁ

az:r(g; wl o= O %32

ox
y,- e Gs(2x) = Cos ()

Yot o anlax) = snl(2x)
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Example
Consider the ODE

y©® —6y™) £ 104y 4+ 9y" — 312y’ + 2704y = 0.
The characteristic equation is

mf —6m* +104m® +9m? — 312m + 2704 =0

which factors as
(m—-2)2+9)%(m+4)?=0.
Find the general solution.

Gor Londomentol sdube. S mush
\l/\m,_,\ QN D‘:m. (\V‘éQdaQwéﬁwk gAVH“Y\)’ ,
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Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any'™ + an_ 1y 4+ a0y = g(x)
where g comes from the restricted classes of functions
> .
ponnomllaIs, o L oy
> exponentials, <
> sines and/or cosines, <.~(\w), Cor (\ex) le- o

» and products and sums of the above kinds of functions

nE xfb:'\‘lc

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example'

Find a particular solution of the ODE

y" —4y' + 4y = 8x + 1

T | el S (S onsy ank (setficient ewd
.M\,g, ('L’)\'A' Q\L s o K’b(ywow\&\

9 GO = B +\ | ¥ descec 6”°\7 el
' ‘ NS
bue {\/\“\3\’\/\' gvess e e ¢ ale a |
Aegrwe Q’Q\‘j V\_"MIG‘O\ . Sax

e = Ax+B ol AS Canshont

'We’re only ignoring the y part to illustrate the process.
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y' =4y +4y =8x+1
Yoo AY{‘? e e N ODE
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Motivating Example

Find a particular solution of the ODE

y" —4y' +4y = 8x + 1

We found the particular solution

9
ypf2x—i—4

by
» guessing that y, is the same kind of function as g,
» setting it up with undetermined coefficients (A, B, etc.), and
» substituting it into the ODE to find the coefficients that work.
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The Method: Assume ¥p has the same form as g(x)

y// o 4y/ +4y _ 6e—3x

-3x -3x
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The Initial Guess Must Be General in Form

Find a particular solutionto  y” — 4y’ + 4y = 16x?

i;()() - ]Q)ygb MM o QlﬁK\Cﬂ‘ N )(ﬁ_

ZV\é A{ orRe fﬁ\v).

gupf oS« \6‘0 = AX-L SV\Q 3\’*\'(/\%
g{o’-_ 7 Ax
io ( " = Z.}X

XY \ - E A
Ve = Uy« Uyp = 15X

QA —L’lQZA*)*‘\"(AXl) - lex®
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