February 7 Math 3260 sec. 51 Spring 2024
Section 1.8: Intro to Linear Transformations

A transformation T from R” to R™ is a rule that assigns to each
vector x in R” a vector T(x) in R".

Definition

| r

A transformation T : R” — R™, is linear provided

(i) T(u+v)= T(u)+ T(v) for every u,v in the domain of T,
and

(i) T(cu) = cT(u) for every scalar ¢ and vector u in the
domain of T.

J
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A Theorem About Linear Transformations:
If T is a linear transformation, then

(i) T(0)=0,and

(i) T(cu+dv)=cT(u)+dT(v)
for any scalars ¢, and d and vectors u and v.

Remark: This second statement says:

The image of a linear combination is the linear combination of
the images.

It can be generalized to an arbitrary linear combination’

T(ciui + U+ -+ cUg) = 1 T(uy) + 2 T(U2) + -+ - + ¢, T(uy).

"This is called the principle of superposition.
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Comment on Notation

X4
X2
Recall that the vector x = .| in R can be written using the
Xn
notation
X=(Xq,X2,...,Xn).

A transformation T : R"” — R might be written using this sort of
notation. For example, if T(x) =y, this might be written like

T(X17X27"'7Xn) - (}/1;}/27-~-7}/m)-
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Example: For each transformation 7 : R” — R™.

Determine

(i) The values of mand n, and
(i) whether the transformation is linear or nonlinear.

(a) T(X1’X27X3):(X1_2X271_X3) T" (\Z_’B——a (\1
NnN=73 mMz e
ol @ T(3), T (026, 1-0) =01
+ 0

¥
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Example

(b) T(x1,x2) = (x4+2x2,0,0,3x2)

n- 2 W — %
\9 /\— ./Q—tva? ,\—(‘6\=.T(°/03:(O4’2(0\JO/ D_)J?(o\>
- (o,olo/Q\ -0

Lk Chucle X Pre pasees.

Lk T=(ab) o3 J= (%,9

&,4’3:' (0»—\—\(}\0-{-«9_7

T(2)=T(a,\) = (y+2l, 0,0, 3%)
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T(‘\’/\ “—/\(50)‘93 - \(><+Z‘j)\0\°J3‘Q)
T (=)= | (avx,0*D)
__((H%*Z(\oﬁﬂ , 0,0, 3(‘01“3\\

= (;a.pz\a-uy.fz,b) o, 0, b+ '3\g_>

(0‘4’2\—0) O,olg\o\—\- (x+"b\g‘ o, 0, ?\9_3

Ty = V(@)

ke he oy

FCO/O\ /\V/\—\b”\4

/\q(\x—t\} = ’\—(\col \“\95

(Lay2vb, o, 0, b )
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—-Q< (a_»z,b\) \4_(0\1\4—(6\, e (3103>

\

= U (asze, o, 0,30)

)o\—cwu T \S a &Iv&w L(‘DW,J‘ -Lup,qlw;v\.
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An Example on R?
Let r > 0 be a scalar and consider the transformation T : R2 — R?

defined by
T(x) = rx.

This transformation is called a dilation if r > 1 and a contraction if
O<r<1.

Exercise: Show that T is a linear transformation.
Lk Toand U b oy wednes o W od
C ovy Scoler.
T cn, 1 (3)= SV,

J) = chx v =Ty« E)
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T (et)- ()= ¢ = ¢ TEY
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The Geometry of Dilation/Contraction

r=1/2

and its image.

Figure: The 2 x 2 square in the plane under the dilation x — 2x (top) and the
contraction x — %x (bottom). Each includes an example of a single vector

[m]
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Example

Suppose T : R2 — R? is a linear transformation, and for the vectors u
and v in R?, it is known that

Evaluate each of

i Tew - 21 (ey-=[3)- [¢)
. 2 I—l/\_
2. T(lv)= 5 T () - =% [13 "’J]

3. T(Bu—2v)= 3T (z)- 2V (3)=72 [‘\3}2 [_ﬂ Er]
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