February 7 Math 3260 sec. 52 Spring 2024
Section 1.8: Intro to Linear Transformations

A transformation T from R” to R™ is a rule that assigns to each
vector x in R” a vector T(x) in R".

Definition

| r

A transformation T : R” — R™, is linear provided

(i) T(u+v)= T(u)+ T(v) for every u,v in the domain of T,
and

(i) T(cu) = cT(u) for every scalar ¢ and vector u in the
domain of T.
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A Theorem About Linear Transformations:
If T is a linear transformation, then

(i) T(0)=0,and

(i) T(cu+dv)=cT(u)+dT(v)
for any scalars ¢, and d and vectors u and v.

Remark: This second statement says:

The image of a linear combination is the linear combination of
the images.

It can be generalized to an arbitrary linear combination’

T(ciui + U+ -+ cUg) = 1 T(uy) + 2 T(U2) + -+ - + ¢, T(uy).

"This is called the principle of superposition.
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Comment on Notation

X4
X2
Recall that the vector x = .| in R can be written using the
Xn
notation
X=(Xq,X2,...,Xn).

A transformation T : R"” — R might be written using this sort of
notation. For example, if T(x) =y, this might be written like

T(X17X27"'7Xn) - (}/1;}/27-~-7}/m)-
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Example: For each transformation 7 : R” — R™.

Determine

(i) The values of mand n, and
(i) whether the transformation is linear or nonlinear.

(a) T(X1,X2,X3):(X1—2X2,1—X3) T\. ‘/\Z/’E—g T\?_i
(\:’5 S M= 2

(o-2(o) , 1-0)

(e,\) =+ C_S

Clecl- T (6\ = ’\_(";016)

’

T is ~Ta Niear \-F"”-f fpu ol 6
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Example

2 N
(b) T(X‘IaXZ):(X1+2X2,0,0,3X2) /]—m - TR
Nn-= 2 "M = L"
To lesv ,Q\Nu'.%a) Che cle T (3)

1 (o6,0) = (o+2(oy, O,o,‘s(m\)'— (e,0,0,0)=0

TO C\:\Lcla. )(\(\ fmr—v\’"le-‘) \&\T

I
= J H I\o) J € :
G oy VE Oy 2R

T(2)=-T(aw) = lax2n, 00,38

TEY-T (o) = (2o, 0 0079)
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TV = ( AN \o'-«:)>
T (223 -V (asx, by = (X r2 o) o) 0,2 (vn))
= (a+z\o+>{+1\, ,0,0 , 3b '3\33
= (a+2b, 0,8, ) + (w+2y, O o, 39)
= T@) +~ T(3)
ek L he o Sc.o.\O\r / Lin= <‘L0\,\0"\>

T (et )=\ (wa,wb)

= ()/.Q—(—Z_\A\o) o O, ZL\03
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= (W (aszby, (@, ko), k (30))
=k (ox2%, o, 0,30)
= e T (@)

HW\UL T 1S Q Jll/u-o\;\ _\\FMI'FO'\’VQ_“-\:Q/\‘
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An Example on R?
Let r > 0 be a scalar and consider the transformation T : R? —s R2
defined by

T(x) = rx.
This transformation is called a dilation if r > 1 and a contraction if
O<r<1.

Exercise: Show that T is a linear transformation.
2 .
L T 9 ‘e n (R ame Cobe

I's

(kS

T (v, V(S )= e
T (o= (el ey
= T(RY~ 1 (@)
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T () = () = elem)

= ¢ T(&)

Lo\ \'\«\os{ ‘)ﬁ(".s-f\'&er , T U

&W‘-Qw‘ %«0‘,3‘ -QQ,,\,OL.D/\ )
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The Geometry of Dilation/Contraction

r=1/2

and its image.

Figure: The 2 x 2 square in the plane under the dilation x — 2x (top) and the
contraction x — %x (bottom). Each includes an example of a single vector
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=)

na
February 7, 2024 10/33



Example

Suppose T : R2 — R2 is a linear transformation, and for the vectors u
and v in R?, it is known that

Evaluate each of

1. T(Ru)= 2V (T =2 L\ﬂ [z‘»}
- L‘."Z]
2 T(v)- T = & &13 - "

3. T(Bu-2v)- 3T (%) - t-als)-e (2] ]
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