January 25 Math 2306 sec. 52 Spring 2023

Section 3: Separation of Variables

We defined the first order equation as being separable if it has the
form

Y gonty).

To solve a separable equation, we separate the variables. That is, we

convert the ODE to d
=/
— = X) dx
/ h(y) 90

and integrate to obtain a one-parameter family of solutions (usually
defined implicitly).
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Solutions Defined by Integrals

The Fundamental Theorem of Calculus tells us that: If g and & are
continuous on an interval [xp, b) and x is in this interval, then

i(/)(:g(t)dt: (x) and / — y(xo).

Theorem: If g is continuous on some interval containing xp, then

the function .
= Yo +/ g(t) dt
X0

is a solution of the initial value problem

dy

ax 9(x), y(xo) = Yo

J
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Example :
Express the solution of the IVP in terms of an integral.

Zi _ sin(XZ), y(ﬁ) — 1 Y=Y+ /xo g(t) at

l__\,er(> @(‘E): %1\’\(,%1‘) .) Xg = T© s \éo—;\

Tre solloon =k WP e
WA+ stm(m Av
Nl

\J)_} .S NEIS Xj N

\s \Q(W>:j—7 \{)cs\‘

January 23, 2023

3/23



T
sun (£9) A4 4o - \

(—

y@®) = ) =

0
\Q/
~
N
+
\o,_
7
o)
s
—
5
>4
Q—
/‘/

o = = E = 9ace
January 23, 2023 4/23



Section 4: First Order Equations: Linear
A first order linear equation has the form

2102 + a(x)y = g(x).

If g(x) = 0 the equation is called homogeneous. Otherwise it is called
nonhomogeneous.

Provided a;(x) # 0 on the interval / of definition of a solution, we can

write the standard form of the equation Pro= Eo09
Q<)
dy _ 2%
ax TPy =100, Loa= 5 ()

We’ll be interested in equations (and intervals /) for which P and f are
continuous on /.
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Solutions (the General Solution)

dy
dx + P(x)y = f(x).

It turns out the solution will always have a basic form of y = y. + yp
where

> y. is called the complementary solution and would solve the
equation
dy

a%—P(x)y:O

(called the associated homogeneous equation), and

>y, is called the particular solution, and is heavily influenced by
the function f(x).

The cool thing is that our solution method will get both parts in one
process—we won't get this benefit with higher order equations!
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Motivating Example

dy
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