January 27 Math 2306 sec. 52 Spring 2023

Section 4: First Order Equations: Linear

We consider a first order linear ODE in standard form

dy
ax TPy =),

and assume that P and f are continuous on the interval of definition.
The general solution will have the form
Y=Yc+Yp

where y. is called the complementary solution and y, is called a
particular solution.
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Motivating Example
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We solved this ODE by recognizing that the left side collapses as

(z( (xzy). We got the one-parameter family of solutions

e+ C
==

This can be expressed as

e C

. C . :
The complementary solution y; = —, and the particular solution
eX X
Yp = X2
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Derivation of Solution via Integrating Factor
Solve the equation in standard form

dy
g TPy =1(x)
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For A
r,_p, ¢ pPoy = ptod

b (po) < 5
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General Solution of First Order Linear ODE

| 2

| 2

Put the equation in standard form y’ + P(x)y = f(x), and correctly
identify the function P(x).

Obtain the integrating factor ju(x) = exp ([ P(x) dx).
Multiply both sides of the equation (in standard form) by the

integrating factor x. The left hand side will always collapse into
the derivative of a product

& 0] = (1)

Integrate both sides, and solve for y.

y(x) = 1) / u(x)f(x) dx = e~ J P(x)ax ( / el PO f(x) dx + c)

p(x
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Solve the IVP %L e Poany = Poo

dy 5.2 —
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Pepls Yy =5

gy= 2N+ COd =S
eC =S 2 623
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Verify

Just for giggles, lets verify that our solution y = 2x? + 3x really does

solve the differential equation we started with

g v - 3x =
Uyt + dx - 2% -
/b7’ -
Qx = 2>
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