July 19 Math 2306 sec. 53 Summer 2022

Section 15: Shift Theorems

We added two shift theorems to our catalog of Laplace transform
results.

Theorem (translation in s): Suppose .Z {f(t)} = F(s). Then for any

real number a
.z{ea’f } F(s— a).

In other words, if F(s) has an inverse Laplace transform, then

2 {F(s—a)} = 2 {F(s)}.
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The Unit Step Function

Then we defined the unit step function % (t — a) for a > 0 by

0, 0<t<a
%(t—a):{1 t>a

Theorem (translation in f): If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t— a)} = e *F(s).

In other words,

L e #F(s)} = f(t— a)%(t — a).

Yet another useful statement of this theorem is
Lg% (t - a)} = e *L{g(t + a)}
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Example
{9ty (t—a)} = e ®2{g(t+ a)}

Example: Find #{cost % (t— g>} = elz—s of ( Cos (& + T/ZBE

ND\‘C @)({_'_T/L)__ a&‘kc‘os—“-/‘a. - gw\% gi"\Tr/Z
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- —swt

July 14, 2022 3/44



= SZD(CC»{’ U((' 'Y/z\)o = e’l_;g(;(ﬂ {_g,\,\{\j

R AT N3

. mS (\/_
e o

‘1‘77_Y
= -c
ST+ )

July 14, 2022 4/44



Example
2 e ®F(s)} = f(t — a)% (t — a)

—2s
Ei -1)_ €7
Example: Find . {s(s+1)}

(oe Veeld X—o o o {3 "f {S(f-«—\)

Qal— &‘.C—Q "Do d(\;“’

—S—zix < _’é’s_ + _;?T\— 5 \ = P\(g-(’\\)‘f’ ?f
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L e ®F(s)} =f(t—a)%(t— a)
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Section 16: Laplace Transforms of Derivatives and
IVPs

Suppose f has a Laplace transform! and that f is differentiable on
[0, 00). Obtain an expression for the Laplace tranform of f'(t) using

integration by parts to get
. v - (¢ mj
2{f(t) = / eSr/(t) ot
0

— _f0) + s/ooo e~Si(t) dit

= sF(s) — f(0).

"Assume f is of exponential order ¢ for some c.
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2Py = sz {f(t)} - F0)
= S<SF(§) - @(033 - L '(o)

= S F) - sl - C'/o)
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Transforms of Derivatives
For y = y(t) defined on [0, co) having derivatives y’, y” and so forth, if

Z{y()} = Y(s),

{‘;’”} — s¥(s) - ¥(0),

2
dzy} = $2Y(s) - sy(0) — y'(0).

dny} _ snY(S)—Sn71}/(O) sh— 2 /(0) y(nf1)(o).
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Laplace Transforms and IVPs

For constants a, b, and c, take the Laplace transform of both sides of
the equation and isolate Z{y(t)} = Y(s).

ay"+by' +cy=9(t), y0)=yo, y(0)=y

Led 6(:):f(5lfc)j_ Tauw &£ & ooe
xf {Q\QH*\Q\Q‘—PCO) E o{ﬂ(ﬁ U«)K
a )2l {4y cfyy = B

Qa ng Yy - sylo - g‘(o)\ +b (S“x’(s)— kj(m\ + eV = G ()
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O\Se\n/‘&-

| sVale kl)(c\ LNy
= G

GsTY - asy® - aye & bs Yo byl £ ¢ Y

-0es =AY, +bsY by, ¢ Y = &

0SS Y

(as*«bs ~c )Y _ Qyes - Gy, -bys = (5
(as”—\— \oS+c\"\)(s) = GQYesS + Ob\*\oba -+ 6(‘)
>C A

by&&*— /! /
S ay" + by’ +cy = g(t),

e
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Pisy o Gy, G

O\Q‘Lﬂ' \os +~(C G%1+b5 + C

T\'\“ S‘o\\,\)ﬂ‘uv\ '\‘0 M \\)P

W) = Q[j\ { V(s)j .
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Solving IVPs

Apply Laplace

/ Solution

y(t)

(obtained unknown
from ¥(s)) Y(s) /
Solution
Y(s)
Take Inverse Laplace (
Transtform

obtained
by
algebra)

Figure: We use the Laplace transform to turn our DE into an algebraic
equation. Solve this transformed equation, and then transform back.

=] =
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General Form

We get
Q(s) , G(s)
Y(s) =
9= B " P(s)
where Q is a polynomial with coefficients determined by the initial
conditions, G is the Laplace transform of g(t) and P is the
characteristic polynomial of the original equation.

z1 { ggzg } is called the zero input response,

7 { ggzi } is called the zero state response.
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Solve the IVP using the Laplace Transform

dy B B
E+3y =2t, y(0)=2

Ly Doy ;f{%uc)j.
o?ﬂ{\g‘+’3gj = 9?(2%)

£lyyr3diyy - 2Lty

2 Yy -yl « O BST
Q

(S+’7>3\c)(53 -2 = —S/,,
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Solve the IVP

An LR-series circuit has inductance L = 1h, resistance R = 102, and
applied force E(t) whose graph is given below. If the initial current

i(0) = 0, find the current i(t) in the circuit. N .
(0) (t Lder .k
] E o, 0¢ ke
E®: Je., 1cLg
Eo] ! ! ©, £33
: l
| |
1 1
] ! !
| |
| |
: |
II T II
0 1 z 3 4 t =

July 14, 2022 24/44



LR Circuit Example
EMYy-0- 0UGE- Y+ ELUG1)- EoUG-3)+ OU(E-3 )
L—_\ Q’_’D
)
%”; + (0 U = EoU(E-1) mEU(E-3) . W= 0

e T iy

LU +100Y = Zo{eute-D-tue-=)Y
QLY 0P () = e fute-NT- 62 {uce-3)y
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SY@-t® + 0T (<) = Ee & _ Cs e
V ey
: < S
_S — -
(s_,_m) s ) = E"E _ b°_3;
S S
_ -5 -3s
1 (s) = Es 6’— - L“,E/
S(S+16) Slses)

L e ®F(s)} =f(t—a)%(t— a)

Loe. \need LUy - ;é {g(s-uo\)

O ~S %)a_r\—‘.C—Q Lmt)(:o/\f
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Ny _ s S+
fla- (5 - BN oL gt
P75 - = ef
T(sy = Es e’ ) Eu’e{“/
S(S+16Y < len)

e _ Eo - ,\_ _\__ Eo -3¢ \ \
L = ¢ (S'$f,° -5 € (/S-d/swo)
L e ®F(s)} = f(t - a)% (t - a)
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