July 5 Math 2306 sec. 53 Summer 2022

Section 10: Variation of Parameters

We are still considering nonhomogeneous, linear ODEs. Consider
equations of the form

y'+y=tanx, or x%y"+xy —4y=e€~

The method of undetermined coefficients is not applicable to either of
these.

» The first equation has constant coefficient left side, but the tangent
is not the right kind of right hand side.

» The second equation has an exponential right side, but the left
side isn’t constant coefficient.

We need another approach.
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Variation of Parameters

For the equation in standard form

d?y dy _
v + P(X)a + Q(x)y = g(x),

suppose {y1(x), y2(x)} is a fundamental solution set for the
associated homogeneous equation. We seek a particular solution of
the form

Yo(X) = ur(X)y1(x) + uz(X)y2(x)

where vy and u» are functions we will determine (in terms of y4, y» and
9 Ye = QY + Gy,

This method is called variation of parameters.
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Variation of Parameters: Derivation of y,

y'+ P(x)y' + Q(x)y = 9(x)

Set  yp = ur(X)y1(Xx)+Uz2(x)y2(x)
:91’ = u-\ﬁn + uzko-._
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Remember that y/' + P(x)yj + Q(x)y; =0, fori=1,2
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Example:
Solve the ODE y” + y = tan x.

Fand \\’)c | %‘\43:0

Chascckor s\ 5w ™MZel= O = M= 1(

Y, = Cosx ;Y T Sinw
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Example:

Solve the ODE
X2y + xy' — 4y =Inx,

given that y. = ¢y x° + c,x~2 is the complementary solution.
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Solve the IVP

X2y"+xy' —4y =Inx, y(1)=-1, y'(1)=0
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