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5.7 Isomorphism of Vector Spaces

We were able to exploit R* to do operations in P3. Somehow, these spaces
have the same structure. There’s a name for this. It's called being

isomorphic.

A vector space V is said to be isomorphic to a vector space W if there
exists an invertible linear transformation 7: V — W.

Any invertible linear transformation T : V — W is said to be an iso-
morphism from V onto W.

A coordinate mapping is an isomorphism.
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Some Facts About Isomorphism

1. Any vector space, V, is isomorphic to itself because the identity
transformation E : V — V is an isomorphism from V onto V.

2. If Vis isomorphic to W, then W is isomorphic to V. This is
because if T: V — W is anisomorphismthat T=' : W — V'is
also an isomorphism. We can say

“V and W are isomorphic to each other”

3. If Vis isomorphic to W and W is isomorphic to X, then V' is
isomorphic to X.

4. The symbol “2” is sometimes used, as in P3 = R*.
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Suppose that V and W are finite-dimensional vector spaces.
Then V and W are isomorphic to each other if and only if
dim (V) = dim (W). Specifically, if V and W both have dimen-
sion k (where 1 < k < 0), then V and W are both isomorphic to
Rk,

Remark: This tells us that no matter what sort of objects a finite
dimensional subspace S of some vector space contains, we can do
stuff using matrices in R4M(S).
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Example
If M. is isomorphic to R¥,.find k.
loe wneed b bunos Liso oy Ve Cos A
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" \_\L CW‘\(G:\.\/\
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Example
Determine whether the given pairs are isomorphic or not.

1.Prand B2 o d~(€)-=-72

2. P, and R® G di (P,)- 3 - Aw-(IlB

3. Span{1,x} and Span{e?*, e}

QV_Y\QV-Q’Q-
yes, »?y\ o z A\

Mz ) =
4. Mayzand R yes dom € 3= 9
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Chapter 6 Eigenstuff

Consider the linear transformation T : R? — R? defined by AX with
A 5 —1
13 1

1. Evaluate T({(—1,1)) = E_,, ‘\\\ 7D = L-(o)-2>

2. Evaluate T((1,3)) - K; ! )4\/35 = 47’/ G

|

T (-2 - t‘ -\\ )O/:ﬂ ) L?’ 2
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e
R
6«
T((1,3)) = (2,6)
N
T((-1,1)) = {-6,2
R T((1,-2) = (7.1)
-u1 1,3)
-3 -6 -4 - 0 2 4 § x,§
{1,-2)
_3.
T({-1,1)) = (-6,-2)
— 4+
764

Figure: Plot of standard representations of
T({1,3)), (1,—2), and T({1,—2)) together.

(=1,1),T((=1,1)), (1,3),
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Example Continued... A= [ g _1 ]

Show that there is a special set of nonzero vectors in B2 with the
property AX = 2X.

Lok Y= X, XD
A= [fb"\“ﬁéx.,xz[ . Sx Ya, 3%+ X2)

oM X, X [ QA
ax = (2%, 2% - v

Wb o) Dyl X, (S-2)% - %= =0
=3
Ty Xp = N 2%+ (-2 = 0
37<(“X‘L=O

= X, -%.=0
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A= ls _11 s b ak Prctom s e

3 1 ?"}A[

3-1\o0 Sf’t)@ L‘ 3 OO K2 3 Ka
3|0 °° xp - rae
AN

X = ,X‘L 4% ,\>
A
A vedots  vn SFQ" {d 33\-7}

L,-x(\\ 5‘9\4(‘-(—-3 AS?: QSZ !

S

Nele 1,37 ¢ o~ e
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What are Eigen things?

We'll focus on linear transformations T : R" — R" with square matrix A
such that T(X) = AX, and consider equations of the form

AX = \X

with \ a scalar and X a nonzero vector. We'll call scalars like A
eigenvalues and vectors like X eigenvectors. We’'ll also consider
things like eigenspaces and eigenbases.

Questions:
» Does a matrix have such scalars and vectors?
» How would we find them?
» What do the tell us about a matrix?
» What can we do with them?
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Determinant

The determinant is a scalar valued function on M, ,. The determinant
is related to various properties of a matrix, most notably invertibility.

2 x 2 Determinant

Let A= { ‘z 3 ] The determinant of A, denoted det(A), is the

number
det(A) = ad — bc.

Example: Evaluate the determinant of each matrix.
> 1 3 —1
S
M(p‘ys(\\—’ét—\)'—S Ak (@:%(—\\—BL—IB-—O
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Let A = [a;] be an n x n matrix. The notation
Aj

will denote the (n—1) x (n—1) matrix obtained from A by removing
the i row and the j column.

For example, if A = [a;] is a 3 x 3 matrix, we can form nine different 2 x 2
matrices Aj.

a a
S A= 11 12]
asy asz

a3y d32 ass

apr a2 as

a a
A= |ay ax a — Ay = |12 8
azo  do3
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Minors & Cofactors

Let Abe an n x nmatrix, n > 2. The jjth minor of A is the determinant
of the (n—1) x (n— 1) matrix A;. That is, det(Aj) is the jjth minor of A.

Let A be an n x n matrix, n > 2.

jith cofactor of A = (—1)"" det(A;).

n x n Determinant

Let A= [a;] be an n x n matrix. The determinant of A, denoted det(A)
is given by

n

det(A) = " (~ 1) "ay; det(Ay). (1)
j=1

The sum in equation (1) is called a cofactor expansion across the first
row of A.
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Cofactor Signs

The factor (—1)™*/ gives an alternating sign based on the position of aji
in the matrix.

I+ |+
+ 1+ |

[ S
+ 1+
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Vv I 3
AX(RY - (D \Q.‘ AJ(A“\+('\) O A,JT(A\.L\-v (-1) 0., MAIQ

3] B

Find det(A)ifA= | O 3 .
AA:)C(AI,\ -3y ENNER)= 2

Example

1 -1 o0
AL - [O 7’} Ax(A.N=0-2--2
\ O :
Loln -y =7
P = [007) dx(As) _
Lo (BY 2 (1)L (2yr G2 (2 O E3)
= d+U+3 '-“O)
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Alternative Cofactor Expansions

We can actually take a determint by a cofactor expansion across any
row. Fix a number for / (between 1 and n).

n

det(A) = > (—1)"a; det(4)). (2)
j=1

Similarly, we can compute det(A) using a cofactor expansion down any
columns. Fix a number j (between 1 and n).

n

det(A) = > (—1)"a; det(4)). (3)
i=1
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Example

1 2 —1
Find det(A)if A= 0 3 2 ] by cofactor expansion across the
1 -1 0

second row and down the third column.

Z 2+ 7 1+73
M( AB = ('\)+\0lz| A‘*(J"\Z\\"’ (") 0 A"'&‘(A-n.\4 (\” O\;jM(A‘L?»

Canlyrali) e )

0 +3(04\)-2 (-\-ZJ = 3+ ()6B):=3+6=19

A& (A= 9
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1 2 -1
A= [ 0 3 2 :|
1 -1 0
Vo 2 343
AJL_*(RBZ (‘\) 3\3 AL}/(A\';\'P (_‘)430\23 A/J»(Az?\* (-\) O3 M(A?j\
| 2 \ 2
M(A\: (—()AJ{GI__%)—Q\ A&i\__\’l'}*’ (0)3—*’&03j

- (0-3)- 2(-1-2) O
-2 +06 =°)

AX(R)=9
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Properties of the Determinant

2 0 -1 4

, 4 0 5 -3

Evaluate det(A) if A = 60 1 1
2 0 13 -1

AQIV\% C“LG&&(— 6)46-“:\\4('\\-—\ éo\/;v\. C/\(.an,/\. 1‘

Lx(AY =0
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Triangular Matrices

A matrix A = [a;] is called upper triangular if a; = 0 for all / > j, and it's called lower
triangular if a; = 0 for all / < j. As the names suggest, upper triangular matrices have
all their nonzero entries on or above the main diagonal, and lower triangular matrices
have all their nonzero entries on or below the main diagonal.

ayy a2 a ain a1 0 o --- 0
0 axn a3 azn a1 a8 0 - 0
0 0 as3 asp a31 a3 as3 0
0 0 0 ann am @n2  ans ann

upper triangular lower triangular

A matrix that is both upper triangular and lower triangular is called a diagonal matrix.

a 0 0 000 0
0 aono 0 000 0
0 0 assz - 0
6 0 0 ann

diagonal matrix

July 14, 2025
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Since a cofactor expansion is the same across any row or down any
column...

Let Abe an n x n matrix.

1. If 5,, is a row vector or a column vector of A, then
det(A) = 0.

2. det(AT) = det(A).

3. If Ais a triangular matrix (upper, lower or diagonal), the
det(A) is the product of the diagonal entries

det(A) = a11d@22 - - - ann
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Row Operations

Suppose A is an n x n matrix.

> If Bis obtained from A by performing one row scaling, kR; — R;,
then det(B) = k det(A).

> If B is obtained from A by performing one row swap, R; «+ R;,
then det(B) = — det(A).

> If Bis obtained from A by performing one row replacement,
kR; + R; — R;, then det(B) = det(A).

\.

If Aand B are n x n matrices, then

det(AB) = det(A) det(B)
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Examples

Find det(A), det(B), det(AB) and det(BA) where A — [g B },and
B— [g ;] A(AY: s(hy-3CN\ = 8
AX(8) = 2 (2)- oth = A
AP - s -1 X [(0 ’3} LAY = 10() -L (3)
- 27
- 3
A -[z N 2] o -
= A6+ b
=32

Lx (A Ax(g)s 8la) =372
- Lx(aR) = LY (BR).
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Example

Suppose A is an invertible n x n matrix. Show that

det(A1) = (det(A)) .
Nee AR =T, -2

LA RN LACT - A
ax(AY OX(AT) -4

Ax(T.D)= L

—_—

\

Bonus result!

NS “"’“?\*.”
Al (y=+ O ™

A3 p) F O

\
5 k(A - o - (8O
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6.2 Eigenvalues & Eigenvectors

Let A be an n x n matrix. An eigenvalue of A is a scalar A for
which there exists a nonzero vector X such that

AX = \X. (4)

For a given eigenvalue )\, a nonzero vector X satisfying equa-
tion (4) is called an eigenvector corresponding to the eigenvalue
A

Remark 1: Note that eigenvectors are, by definition, nonzero vectors.

Remark 2: Eigenvalues are not restricted and can be positive,
negative or zero.
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Example
Last time, we saw that if we started knowing X = (—1,1) is an

-2 2 .
, We can use the equation

mgenvectorofA:{ 7 3

AX = \X
to find the eigenvalue \ = —4.

We also found that if we know that A = 5 is an eigenvalue, we can use
the same equation, AX = \X, to find the eigenvectors X = #(2,7) with

t+£0.

Questions:

» How do we find them without knowing any X values or vectors up
front?

» Does a matrix A always have eigenvalues and eigenvectors?
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No Eigenvalues or Eigenvectors

r@l

As- 8 Asso 8y

P 4

Figure: The matrix Asse = % { 1 _1 ] rotates each vector 45° counterclockwise.
Question: Could As5.X = A\X for any nonzero vector X and some

? > RS - ~
number A7 Mo, N % o » e pere el 4o
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The Characteristic Equation
How do we actually find these numbers and vectors? We actually start
by finding the eigenvalues. Let’s derive a way to find A such that

AX = X
NQ% \ C ’\;‘ s On ~AXN l\,\o\f\('_) _%/\,.g_,\,\

S th’}

M(B):OI ol e NS
inver ¥hle

X T.% - X

Shee & \,-»\ P\j(“‘ A X B Sn

Ax- »1 T X = AX-xT.%= 0O

Non zcro 'i ux\\\ €¥-\S'\‘

= (A ’X—E'\\SZ = 6»\

td> A \T - /\c:s’ -l/\\leJ‘)('\\Gka_ é::) A}){(A“)\,_X:A\__— o.
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Let A be an n x n matrix. The function

Pa()) = det(A — Alp)

is called the characteristic polynomial of the matrix A. The
equation
Pa(A\) =0, ie., det(A—Xp)=0

is called the characteristic equation of the matrix A.

A the name suggests, P4() is always a polynomial in \. The degree
matches the size of the matrix, n, and the leading coefficientis 1 if nis
even and —1 if nis odd.
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Example

4 3 -1
Find the characteristic polynomialof A= | 1 2 2 |.
0 0 -3
w 3 -\ L @0
—_ B __>\ o V0
A-xis e k\oiol's} K°° ‘\
I T S I
L z-> 2
o ) 3N
3

Co fackowr exgper—si e~ ac coSS  [ow

fu=x 3
dAA-XTg) = (32)dor |

Z =P

- (3 [mG- oG]
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= (-3-X) [/\L—W* b '3]
= (2 (3 Gx*S)
= -C’S+>x3(>\'—\\()‘”s>

T (W= - GG 6-5)
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Let A be an nx nmatrix, and let P4()\) be the characteristic polynomial
of A. The number ) is an eigenvalue of Aif and only if P4(Ao) = 0. That
is, Ao is an eigenvalue of A if and only if it is a root of the characteristic
equation det(A — Alp) = 0.

Finding the eigenvalues can be challenging if A is a large matrix (high degree
polynomial). Once an eigenvalue is known, we can find eigenvectors by
solving the homogeneous equation

(A— X)X =0,
using row reduction. This means that the eigenvectors are the nonzero

vectors in N'(A — Alp).
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4 3 —1
Example a= |1 2 2
0 0 -3

The characteristic polynomial was

Pa(A) = —(B+ AN)(A=5)(A—1) = =23 +3X2 + 131 — 15.

Find an eigenvector for each eigenvalue.

’Pp(x) = - (20) (x-sYG-WN= 0

3 3 -1\o r‘rf_(l é)c\)
€ 2 |o — 0 o
o oo |0
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4 3 -1 E’.e;,,\,,\/e,o\-—-fr Cc»respmé\.wj - X, =3
A= 1 2
0 0

\S
'7<? 31 "‘—32)\>

[BY'N r£>6w~(\~e__ S ?‘: L\\J’\S/ '37«5.

3
A= A-4L, = -2 7,,\
3 -1 \oO (‘r-t‘r | -3 0\ o0 X, = IX2
V24 o BN 60 6 0 w,-Le
66 -% o ¢ o X5 = O
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4 3 -1 P~
1 2 2] A3
00 -3 A -11,

O} X\:—"XI

X

')43“0

’)(7_(’\/‘ DD

;('_ (-\/\ ()
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Eigenspaces & Eigenbases

Definition

Let A be an n x n matrix and )y be an eigenvalue of A. The
eigenspace corresponding to the eigenvalue )\ is the set

EA()\()) = {)? €R" ‘ AX = )\o)?} :N(A— )\Oln)-

An eigenspace is a null space, so it's a subspace of R". We can find a
basis the way we regularly find the basis for a null space.

An eigenspace is all of the eigenvectors for a given eigenvalue with
the zero vector thrown in to make a subspace.
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Example

2 00 210

LetA=| 0 2 1 |and B= {O 2 1 ] Find the characteristic
0 0 4 0 0 4

polynomials P4(\) and Pg()).

2-\x o °
EACNE Adr((l\-xl‘zxi dx | o 2o }

s o Yy-x

= (2223 (9> = (2-3) (u->»)

0O o -

2 SN
(0 - e (@A) = Ak | o > \J

= (2-2) (2D
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2
A=1|0
0

Find bases for the eigenspaces Ex(2) and Eg(2).
e weed  Loser fof N(A' Z_Ea) ~ J\[(V ‘213)

O 0 O r(_
A.—ZT"3':{OO\ b .
oo

O 0 =%
) ) :0-
(A-2EDX=0 2 X X o= oo 0o

o N o

0 2 10
1]andB:[O 2 1]PA()‘):PB(/\)Z(2—)\)2(4_,\)
4 0 0 4

A2 A=Y

oOO

- (X, X, 8DF X 2V, 0, 8 « Xa {o, 1\, o

A Lesur G- EH () s {(\Jé,ﬂj { o, )-OWL,
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‘213))("0 =
= = 0
b Xa K3
AP
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Two Types of Multiplicities

Geometric Multiplicity

Let Abe an n x n matrix and Ay be an eigenvalue of A. The dimension

of the eigenspace, dim(Ea(\o)), corresponding to Xq is called the geo-
metric multiplicity of ).

To determine the geometric multiplicity, we have to find the dimension of the
eigenspace—i.e., how many free variables are there in the equation

(A - )\Oln)} = 6,7.
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Algebraic Multiplicity

Let Abe an n x nmatrix and )y be an eigenvalue of A. The algebraic
multiplicity of )\ is its multiplicity as the root of the characteristic equa-
tion P4(\) = 0. That s, if (A — o) is a factor of P4()\) and (A — A\g)**"
is not a factor of P4(\), then the algebraic multiplicity of Ag is k.

If the characteristic polynomial was (3 — \)*(7 — \)?(—2 — \), the eigenvalues
with their algebraic multiplicities would be

A = 3 algebraic multiplicity 4,
A =7 algebraic multiplicity 2,
A = —2 algebraic multiplicity 1.

The algebraic multiplicity is always greater than or equal to the geomet-
ric multiplicity.
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Example

2 00 210
A=10 2 1 and B=|0 2 1
0 0 4 0 0 4

Pa(\) = (2—-N2(4—)) and Pg()\) = (2— N34 —\).
Both have eigenvalue \ = 2 with algebraic multiplicity of two.

{(1,0,0),(0,1,0)} {(1,0,0)}
~~ 4 N————
basis for E4(2) basis for Eg(2)

A = 2 has geometric multiplicity two as an eigenvalue of Aand it has a
geometric multiplicity one as an eigenvalue of B.

If a matrix has enough linearly independent eigenvectors, we may be
able to build a basis for R" out of eigenvectors. So the geometric mul-
tiplicity is of interest as is their linear independence.
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Linear Independence of Eigenvectors

Suppose A has distinct eigenvalues, Ay and o with corresponding
eigenvectors X; and X.. Show that {X;, X2} is linearly independent.

-

Considor Moo 2guokion € % ¢ (a¥u= On F
(ve V\“f-é_ "‘“ S hewo X‘Lc}v C\=0 | c =0 A< ‘\Jl"-ﬂ«
only solehil  Leel\ Creele by equabiens Lo

¥
Mu&i'ne\j * \"‘3 A.
P\(C\‘;‘hﬂ' Cx?l\- AE)“

C, A%\ A _C-:_ AQL = Oa
_) >
Sinee ALEXT e A= X
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2

C A X, # C/1>\ZX,_ = _éﬂ (ﬁ,)

(ASS\‘“M >\ *+ O ( Sin G a«\— \eag‘}- AL >\ ,\-..,.s'\-)?-‘l.

MV\RN\
M"‘U“'\f"\j * \o\, >\,

>‘( (CIIS‘(' + Cz‘;(\-\ = >\,6,\

CoxN K+ €z Z e = O @5

S.bdack ga,wx;w 2\ Qe emomtisn Q)

> - - -
Oh+ C—‘b);,x:_—’ Cz >\\ Y\L = OM

. (he >N % = O
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Ol

Sb C,.=0 or'. >\L._>\tso o Xz_"
X, s o u;wxie,é\( ce X, F Oa,
ra

N, - X, +0 Siru 2oE N,
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Let {X1,X2,...,Xx} be a set of eigenvectors of an n x n matrix
corresponding to distinct eigenvalues Aq, Ao, ..., Ax. Then the set
{X1,Xo, ..., Xk} is linearly independent.

If Ais an n x n matrix with n distinct eigenvalues, then A has a
set of n linearly independent eigenvectors.
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Let A be an n x n matrix. If A has n linearly independent eigen-

vectors, Xi,...,X, (combined across all eigenvalues), then the
set E4 = {Xy,..., Xy} is a basis for R" called an eigenbasis for
A.

Suppose Aisnx n

> If A has ndistinct eigenvalues, it is guaranteed to have an
eigenbasis.

> If A has fewer than n distinct eigenvalues, then
> it has an eigenbasis if the sum of all geometric multiplicities
is n;
> it doesn’t have an eigenbasis if the sum of all geometric
multiplicities is smaller than n.
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Example

Find an eigenbasis for A = [ _f 2 } or show that it is not possible.

ol M 2icenvalues,

A ST 2-> B
N-xT, - RN

Aa (AT = (22N (s=2) - (h (8)
s AT _3n-1°-8%
~ N_3)-18 S (=Y (3)

A Lor ’\'WB €‘\g°v\’a\\/“f >\." é ~d /\7_“‘ -3
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LNK'\\\ ’\’I/-O A-\S‘\"_J\C-\' Q\?C\/‘ \}9\4\/‘({) p{ u\\\ \r\,O-\;Q,
O e".%cv\'\pkfl‘r .

_A_[—z 8} For NG, A-CT,® [—% %]
- 1 5 S

rret V- 2 -3
’_\_(o _ET - &'o Ol (A-@—Qvé O
’X|_’/)(>.' YL(\/\.LL

B Lecir e Ealc) s (4UDY
\ )
Ger  Xo= -3, Al - {’\ g} _

&‘fe,“' %
A *ST_ 5 — S;\() o} (P\+31> X= 57/

X2 -8 Xy, X e
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A o€ Cor Eﬁ (‘33 (% {lé'%;\w)l

O eigew e s\ g‘\x‘ A s
g- {0, Lo, DY
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