June 21 Math 2306 sec. 53 Summer 2022

Section 6: Linear Equations Theory and Terminology

Recall that an n" order linear IVP consists of an equation

ay
ax”n

dnf1y dy

an(x) Oyt a0 1 ay(x)y = g(x)

+ anf1(X)

to solve subject to conditions

y(x)=Yo, Y(X) =y, ., Y (x0) = yn1.

The problem is called homogeneous if g(x) = 0. Otherwise it is called
nonhomogeneous.
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Theorem: Existence & Uniqueness

dn dn—1y dy
an(x )dx” + an—1(x )W+~--+a1(x)a+ao(x)y=g(x)
yxo)=yo, Y(x)=y1, ... Y (%) =y 1.
Theorem: If ay,...,a, and g are continuous on an interval /,

an(x) # 0 for each x in I, and xp is any point in /, then for any

choice of constants yy, ..., ¥n_1, the IVP has a unique solution
y(x)on I

Put differently, we’re guaranteed to have a solution exist, and it is the
only one there is!
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The Principle of Superposition (homogeneous ode)

d g d
an(X) o + 81 (X) oy e @(X) o + a(x)y =0

Assume g; are continuous and a,(x) # 0 for all x in /.

Theorem: If y4, y», ..., ¥k are all solutions of this homogeneous
equation on an interval /, then the linear combination

y(x) = c1y1(x) + Gaya(x) + - - - + Ckyk(x)

is also a solution on / for any choice of constants ¢, . .., ck.
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Corollaries

(i) If y; solves the homogeneous equation, the any constant multiple
y = cyy is also a solution.

(i) The solution y = 0 (called the trivial solution) is always a solution
to a homogeneous equation.

Big Questions:
» Does an equation have any nontrivial solution(s), and

» since y; and cyy aren’t truly different solutions, what criteria will be
used to call solutions distinct?
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Linear Dependence

Definition: A set of functions fi(x), f(x), ..., fa(x) are said to be
linearly dependent on an interval / if there exists a set of constants
cy, Co, ..., Cp With at least one of them being nonzero such that

cifi(x) + cofo(X) + -+ -+ cafa(x) =0 forall xin /. (1)

A set of functions that is not linearly dependent on / is said to be
linearly independent on /.

NOTE: Taking all of the ¢’s to be zero will always satisfy equation (1).

The set of functions is linearly independent if taking all of the ¢’s
equal to zero is the only way to make the equation true.

June 17, 2022 5/35



Example: A linearly Independent Set

The functions f;(x) = sin x and f(x) = cos x are linearly independent
on | = (—o0, 0).

g««ePbS& %4“'—"‘& A e g C, -l C-

Swdn ol
- e\ Ron~+ca B =0 e LY ¥

_T)\D} NS

P

C. Sinx + ¢, Gsx =0

Sime Pas S o oo QY rel > e
Froe vthen X= 0. Lo ,X':C)J M .Q?UQA".;P\ S

e Sin(ey + & Cos (=0
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= ¢, ()« ¢, (\N)Y=0 = C.=0.

\

/\\\b e_aluaA-;N s a.\:§ "\\—('._)-Q_, A\ V= ™

= .

LWhaw  X= 1;:, RN e_qocﬂ-..ov\ 3
]

C\S‘“"(—/_S) + O Gos (’i\ = O

c, () +06 =0 = C=0

"gul’\f\ cC, =o o Cl’:O. m S&.)r
{@,(x)/ £, (x;j [ inkar \G Andependsnk
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Ql& ~ole \p e o o fLLv\C_L‘-‘é\—\S'
L, ac px, the  gostien

C, (:\ ) + Co _Q-'vck‘-) =0
Com | .rem\rms,,_é ‘l"o C. '(.(X\ = -C, CL,‘)
\G CI#:O ) %.‘S xx_ (o~ S
C\ (%)= —C_é\— 'Cz ()Q)

'_D'\l QU“\CJ\':\\—\[‘ are A{P-nv‘ Az\,\_} ‘\F O~

s o el \O\—c O A
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Determine if the set is Linearly Dependent or
Independent on (—oo, o)

NQ&'L M\o)r ‘cg Con L—L \QV«)\A\’ o o .Q;Mo(—
Comvrnarion of £ oe B
Lo =L 0o - Lo
7’ 2
X -x" = %;(k{x)-k ("_\’X \/

Log Con e afnromse Mo g,-_/\‘
-0\60 —’\J\' c,_(x) + {:30() =0
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hoole oo (uy) + x -x = 5

o xex =0 % g T

{

e oo e -(-\\(xl + C, !\:l st Cz QBQX.) =0
- - =L _ G AL Zero
Wi C\ .\ , C2= g , C37 \ N \"_P&/

Tee s (6 CL)Q“; s hoarly
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Linear Dependence Relation

An equation with at least one ¢ nonzero, such as

f(x) — %fg(x)Jr f(x) = 0

from this last example is called a linear dependence relation for the
functions {fi, f>, f3}.
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Definition of Wronskian

Definition: Let f, £, ..., f, posses at least n — 1 continuous
derivatives on an interval /. The Wronskian of this set of functions is
the determinant

f b o My

fl A

W(f, o, ..., f)(X) = : : : "
f1(n—1) f2(n—1) fr(ln_1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Determinants

a b

If Aisa 2 x 2 matrix A = [ c d ] then its determinant

det(A) = ad — bc.

a1 a2 a3
fAisa3x3matrix A= | axy as ao3 |, then its determinant
azy dz2 dss

det(A) = a11det[ 42 ax } ay det[ 21 823 ]Jra det[ 21
dz2  dass dasz1 dass ass
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Determine the Wronskian of the Functions

fi(x) =sinx, f(x) = cosx

2 CuMc}élO"'\f’ = wsq%r\g w\\ \9& Zx72 .

C.(X): Sax
WS N = \ RS \ )

.C [} -C \ -c\ U‘): Cej)(
£ o= Cosx
L (= -Siax

S\n)( Cog %
W (£, e)00) = \

Cos X —Snf\><
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= Sinx (‘S'l"\XB — Cosx (Cu;)()
= T Sin®x _ Ge'x
- Cg;.\?x « Gsx)

= |

\/\)<S"'\><, CoSX}(‘X) = —L
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Determine the Wronskian of the Functions

f1(X):X27 f2(X):4X7 fS(X):X_XZ

D Lond o s = nradie o\ b X3

_9\ '91, _CJ
WL Y60 e b
£ 8

) Xt Yx o%ex"©

2% Nl \-2X
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A

z O

- Xi(—S - o\— Y GHX' QC\—ZX\>—»(X-X1)<O‘ 8)

-8%x" - Hx (—Vx-2+\*vx\~8><+8><“

rA -t .

o -2

(\

[§)

“8% T 4 gx - ®x+ WX

)

\nJ ()(7‘,\%4, X-XL\ (x) = O
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Theorem (a test for linear independence)

Theorem: Let fi, f,....f, be n — 1 times continuously dif-
ferentiable on an interval /. If there exists xp in / such that

W(fi,f,...,f)(X0) # 0O, then the functions are linearly inde-
pendent on /.

[ W FE O Y Bidens e i, \V\/éleﬁi&(‘

Alternative Version

If y1, ¥, ..., yn are n solutions of the linear homogeneous n order
equation on an interval /, then the solutions are linearly independent
on lifand only if W(y1,¥s,...,yn)(x) # 0 for' each x in /.

For solutions of one linear homogeneous ODE, the Wronskian is either always
zero or is never zero.
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Determine if the functions are linearly dependent or
independent:

X 2x

y1 =€, yo=¢€" | = (=00, 0)

Lo Con L3R »\'(,\\ yrensWanw |

I Y2
w(yu \J’)&): \ / ! \
Jr Y
X -7x

\ e e ] ey('z e_zx>~ex(éu)

-1X
s -ze
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_x - _x
= -2e -¢€ = -3¢

-x

W (é) éz‘\)(X)= -Re

Strer Mou U5 wsh zEed ) oy, Al oy,

onre D]MQ(‘.\\—) ‘\/\c\,ulpr/\&w:l_ .
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Fundamental Solution Set

dny dn—1y dy
o axrt T Al

Assume g; are continuous and a,(x) # 0 for all x in /.

an(x) + an—1(x) +ay(x)y=0

Definition: A set of functions yi, y», ..., ¥» is a fundamental solution
set of the n' order homogeneous equation provided they

(i) are solutions of the equation,
(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

dny dn—1y dy
o axrt T Al

Assume g; are continuous and a,(x) # 0 for all x in /.

an(x) + an—1(x)

+ag(x)y =0

Definition Let y1, y», ..., y, be a fundamental solution set of the nt"
order linear homogeneous equation. Then the general solution of the
equation is

y(x) = c1y1(x) + caya(x) + - - + Cnyn(X),

where ¢4, Co, ..., Cy are arbitrary constants.
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Example

Verify that y; = x2 and y» = x3 form a fundamental solution set of the
ODE

x2y" —4xy’ +6y =0 on (0,00),
and determine the general solution.

Tha ot s 2™ seden , Ss v \need

’\'LJB S\Noi’kv i é}-—f-‘%&A@——L‘ §°\v~_L—v°,\r

\JQF:&'\'\ '\11\637 o §a\w\—;n“r .

1}
Y,= x"} 9ll =X, ) =

Xzz)." - Yx \tg.\-"e‘(). =0

) L , oo
x(2) - U (2x) LG(x) =0 / V. \}5\ o
0 —8x " + bx =0 R
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vz’-—xgj \‘jzj:g.xl/ O‘LH:CX
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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Theorem: General Solution of Nonhomogeneous
Equation

Theorem: Let y, be any solution of the nonhomogeneous equa-
tion, and let y4, y», ..., yn be any fundamental solution set of the
associated homogeneous equation.

Then the general solution of the nonhomogeneous equation is

Y = c1yi(X) + caya(X) + - + Cayn(X) + Yp(X)

where ¢4, Co, ..., Cy are arbitrary constants.

ch_-:_ 6\3\4 Czb_,_ <+ .-.*C,y,\jm

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Superposition Principle (for nonhomogeneous eqgns.)
Consider the nonhomogeneous equation

n n—1
00D by ()% 0Dt 2oy = 01() 20 2

Theorem: If y,, is a particular solution for

dy
an(X) % + -+ a(x)y = gi(x).

and yp, is a particular solution for

dn
an(X) 5+ @(X)y = Ga(x),

then
Yo =Yoi + Yo,
is a particular solution for the nonhomogeneous equation (2).
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Example x?y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering "
sub-problems. g

PRCCH %7/(%)" VRS
(a) Part 1 Verify that 2,0 AV

)
Sall (\:

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

V=G, Y =0, Y "=O

Xy - kY, v 6y, = 36
s -Uxln +6(0) =36 J
36 =36 oS

(SN,
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

11
Jevs =, 9= -F, 9, =0

>
g \%u Uy \oh‘ LGy, = -lux
WS - Ug ((3) 4 GEAX) = S
Qe - SR —_7' -x /
“IMx = -IMx e 006
Sot? BN“)

yer
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of

x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

Tha sererel  ssldinn Y= Yo +ye
e O W (o
T~ (@) ~2 *) 0" \ﬁe‘*\j& = (Q‘q’X

ﬂ\'_ ﬁ,o,vw_/‘él f‘\")ﬁ."’\"

3
We Gt Xt b =
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Solve the IVP
x2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5
Tha oenemett sslukion S
ye 0w G+ b - Fx

Lot eed 4 -C\,\é e C,‘\/“\\'ff secll Mot

LU= 6«2y (n= S

\:)‘=ac,s<+gcl Nict

Wiy: (M) e OP)+6e-3) =0
C, + (. -\ =0
C\‘(’ (—z, "]
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YO 20 (Y « 3ca( Yy -F =-S

g(\+3cl ‘q :_S
¢, +3(, = %

S\ C."‘C-L"\ Q(‘\-racz > C
2C, + 3 =X 20, +3G =&
I
—_ _Cz :b
= Czcﬁ
= C =\
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