June 28 Math 2306 sec. 53 Summer 2022
Section 8: Homogeneous Equations with Constant Coefficients

We are considering second order, linear, homogeneous ODEs with
constant coefficients.
aﬂ+bg+c =0, witha#0
dx? ax Ty =Y '
We looked for solutions of the form y = ™ for constant m and arrived
at the characteristic equation

am? + bm+ ¢ = 0.

If mis a solution of the characteristic equation, then y = e™ is a
solution of the differential equation. The characteristic equation may
have two distinct real roots, one repeated real root, or complex
conjugate roots.
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Case I: Two distinct real roots

ay’ +by' + cy =0, where b?—4ac>0.

There are two different roots my and m». A fundamental solution set
consists of

y1 =€e™M* and y, = e™*.

The general solution is

y = c1e™* + coe™X,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

If the characteristic equation has one real repeated root m, then a
fundamental solution set to the second order equation consists of

y1 =€e™ and y, = xe™.

The general solution is

y = c1e™ 4 coxe™.
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?—4ac<0

The two roots of the characteristic equation will be
0
. . 2 @7
m=a+iB and mo=a— i3 where i“=-1.
We want our solutions in the form of real valued functions. We start by
writing a pair of solutions
Y1 — e(a+i,8)x — eocxeiﬂx’ and Y2 _ e(a—iﬂ)x — eaxe—iﬁx.

We will use the principle of superposition to write solutions y; and
y» that do not contain the complex number i.
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Deriving the solutions Case Il
Recall Euler's Formula' : e = cos@ + isiné.

Y1 — eaxeiﬁx

é”( Cﬁ) (GX\) + (. Sia (%X)\)

X Gs(px) + i e Sin(px)

"n

Y2 — eaxefiﬁx

o

" (Gor () - z,g:wtgx))

L& o () - L o]

Wy s 3 () <3 2 ) - 8 (n)

'As the sine is an odd function e~ = cos# — isin 6.
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gt (Re9)- 8 (20 sefe))- &"sin(px)

/\\\q gh\w)"\-;/\f L)s\cz\\ X

Y= ex)(Css (FX\ o-d N gyg‘\’\(@()
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Case lll: Complex conjugate roots

ay’ +by +cy=0, where b?>—4ac<0

Let « be the real part of the complex roots and 3 be the imaginary part
of the complex roots. Then a fundamental solution set is

y1 = €% cos(fx) and y, = e**sin(Bx).

The general solution is

y = c16* cos(Bx) + c.e* sin(Bx).
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Example

@ﬂ§w6§¢x .
2y
Find the general solution of CZ#Q + 43)( +6x =0.

C\/\w&*'ﬂﬂ‘“c—_ eqn w\1+k{m+(<> =0

9& uac\;aL.‘c (""\*‘JL"'

me TH T Auw-v(6) -1 =J-p

Zz () 2
—inﬁL —_—ZtE(‘
2
M=K = A=t %’“FL
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-26

2t
X, = @ @5(&2{’3 ) Xz“‘ez %‘”@‘7‘&\

’\_\’\Q Den~- D Sh\\ﬂ-}“"“\

-z% -2A
X< C, e as(®E) + e swm(®d)
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Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(5x) and e** sin(3x)
for each pair of complex roots.

> It may require a computer algebra system to find the roots for a
high degree polynomial.
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Higer Order Linear Constant Coefficient ODEs:
Repeated roots.

» For an n degree polynomial, m may be a root of multiplicity k
where 1 < k < n.

> If a real root mis repeated k times, we get k linearly independent
solutions

emx’ Xemx’ X26mx’ e Xk—1 ™
or in conjugate pairs cases 2k solutions

e** cos(x), €**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e" cos(x), x¥~1e™ sin(Bx)
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Example

Find the general solution of the ODE.
y"=3y"+3y'=y =0 Const, wwelh ) om ugencom
The  ClhareckestY.L @

Moo gf;}%,'sm -\ =0 = (m-lf: o

Mz ﬂ_) ‘\._r\ pe rodr.

B x PV
R

_ﬂl\\ 6-e/v~cn-/Q So.\«k,x‘tl\vx «

X e x e
\gtc\ e -\—C.Lxe +C3
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Example
Find the general solution of the ODE.
y®43y" -4y =0 homsguraas  Conshend ool
Clhara & eisy. ¢ eﬁba\%w
M L3l -Y =0 Locleo
(v +uY(mt-| ) =0

.(mz-(—H\) (=D () =0

M-\=0 = M\Tﬁ_ = Dlie

Mey=e = M=l =2y, = 6
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mier Y=o =  ~=-Y m:-ts_v\ = X2

Y- e s (x): Sin(ax)

The geners seluhon

e e+ C,_éx-v C3 Gs(Zx) +C S (2><>
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Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any'™ + an_ 1y 4+ a0y = g(x)
where g comes from the restricted classes of functions
» polynomials,
poly . - o oS Yot
> exponentials, o ,
> sines and/or cosines, <.~ (kx) . Ces (lex)

» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example?
Find a particular solution of the ODE
y'—a4y +4y =8x+1
The Le 0 $102. \S Gnasdad CoelQrcriony o ‘\4\—*
C ‘3\,-\ S\& ?(X) = @)C -1-\ is oo ro\j V\—¢~f~‘~°-Q .
Fows' ny 0w el b @ of funcha
'~ Ne y
ISP Y¢ el We guess Prok Ve
olss  a \FF degret @‘\w\w'\cQJ\

&O/ 5? = A )(—(—rg R\ e A) % o C‘onsx—«w{.

2We’re only ignoring the y; part to illustrate the process.
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2w Nes oaake e 60t L e weed

Jo U ¥ Typ = B

\

\:)(;:Ax-r'\z, 33\=A) ¢ =0

— Yy /\\ q(Ax+Q> - Qx <l

YAX + (_qAﬁ»\{EX = 8x +_\_

Madc\n J“fh ~\€rrv\i .
YA x=8x = A==

YA UR =\ = ues (YA
V=l + 4@ ]
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S vp s AxsB s e Sl v

A:'L o = %— .

<°

/\\r\a‘c \S ﬂ": Ax +
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The Method: Assume y, has the same form as g(x)

y// o 4y/ + 4y _ 6e—3x

The Qb 15 Constk e b ik Mo riser
S\ ?60 = 6 é3x Vs o ex'owv_\a‘-\o\l

S
9 15 a Comn stk Hncces e

-3
N DP: Ae x
. ~3X v "3)<
e t’)\o = "’5\10\ c . 819 = 0’/46
u | -3x
Yo' -Myf + Uy, = be
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-3X

I e (s~ u(Ae™)- G e

&> (ap «2a.up) - e
7 WS A

MA-\-—C\—\I'D ‘Qlc‘. A—é(‘mg
G
2SA =6 =2 A: 3¢

T\,\J qu - C‘,\\ o~ Sa\\,-‘-;u.,\

L6 T
WP s @
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Make the form general
y' —4y' +4y = 16x*

z
Q“Y\'N* C:-QC. Ql.4)( e ?(x): |(0X s o

o Ce/\\'\—ww\- 3\"'\NH‘-,(

gmf@% we See é()é\ as
X . Y - A x*

2AX

Ye =
\) aj\ .

Y
\Of“ - qy‘ «Mye = 5%
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ZA q(ZAX\-p\{(AXB (o)é
L\AXL—QP\\( + 7 A ‘-l_(o_X 4+ 0x + O

Maroh e Yerns. \
wo s\\”\L
“SBA O ~d QA=0O = A: O

TL\‘L 3\){55 @b, g\/)(, s L,J‘oAB.
2 ne )
A= lex™ s a 277 deyree ‘,a\vwow&,

S owps AR+ C
Tﬁ? agoun . \\))‘,\'= 2A x +G , “Be = AA
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3(’\\‘\(\3‘\ +‘4\9‘> = b X
oA 4 (2he B+ U A+ Bx +C) = [ xT

YA + CBRFUB) X + (JA-MB+4UC) =[xt rox—O

Mald. DN Yerns

90 = (b =3 A=H
“8A+UuR=0 = 48=8A 2 E=3A-9
AN-IB+U( o D Y7 2A 4R
MC= -2 ()+u(8) = 24
c-G
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T\\t (?o\r"\d CV-\QA_ s\\‘,@—a;w\ \S
\5(, : Ux" + Bx =+ G
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General Form: sines and cosines

y" —y' =20sin(2x)

If we assume that y, = Asin(2x), taking two derivatives would lead to
the equation

—4Asin(2x) — 2Acos(2x) = 20sin(2x).
This would require (matching coefficients of sines and cosines)

—4A=20 and —-2A=0.

This is impossible as it would require —5 = 0!
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General Form: sines and cosines

We must think of our equation y” — y’ = 20sin(2x) as

y" — y' = 20sin(2x) + 0 cos(2x).

The correct format for y, is

Yp = Asin(2x) + Bcos(2x).
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Examples of Forms of y, based on g (Trial Guesses)

any™ + a1y + -+ aoy = g(x)

(@) g(x) = 1 (or really any constant)
Consho ola . Zero ées(&e §>o\~7V\ on el

%PTA

b)yg(x)=x—-7 | s¥ G\eyu f‘\?) el

ts(, = A%—P(\g
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Examples of Forms of y, based on g (Trial Guesses)

\aY

©g(x)=5x% 3" degae poy.

‘j() = l’\ W+ 8% + C

(d) g(x) =3x* -5 377 degrer poly

Yo o Ax’< RBx™+ Cx 1D
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Examples of Forms of y, based on g (Trial Guesses)
(e) g(x) = xe™ A R

9(, = (/—\x —(—(\?BCBX
() g(X) = COS(7X) JQ‘\ e Conbo Qvt Cos (?—x) A

Sin (3%) .

Yo = A G (B« BSA(3Ix)
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Examples of Forms of y, based on g (Trial Guesses)

(@ g(x) = sin(@x) —cos(@x) Ko L L
éf é’\""-\(\”
y Ux
o~

N A<z + Rlos(oc)+ C Gos(4x) + Sn (% )

h = x2sin(3
( )g(X) xs ( X) QM (AQSIC-R Q’a\Vs X‘\MJ‘ g'l\,\C’gx\

~8  Cos (3x)

YW = (I\x1+'\3>< cO)Sin (30 + (D Ex<F)s (3x¢)
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