June 30 Math 2306 sec. 53 Summer 2022

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any™ + an-1y" V) - + apy = g(x)
where g comes from the restricted classes of functions
» polynomials,
> exponentials,
> sines and/or cosines,
» and products and sums of the above kinds of functions
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Method of Undetermined Coefficients

any™ +ap 1y + - + apy = g(x)

» The left must be constant coefficient

» the right must be from one of the given classes of functions
(polynomial, exponential, sine/cosine)

» we assume that a particular solution y,, is of the same general
type as g.

» the general solution will be y¢ + yp
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Examples of Forms of y, based on g (Trial Guesses)

any" + an1y!" Y + -+ a0y = g(x)
(@) g(x) = 1 (or really any nonzero constant)

Yop=A

(b) g(x) = x — 7
Yo=Ax+B

(c) g(x) = 5x
Yp=Ax?+Bx+C
(d) g(x) =3x* -5
Yp=Ax®+Bx? + Cx+ D
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Examples of Forms of y, based on g (Trial Guesses)

(e) g(x) = x>
Yo = (Ax + B)e*

(f) g(x) = cos(7x)
Yp = Acos(7x) + Bsin(7x)
(9) 9(x) = sin(2x) — cos(4x)
Yp = Asin(2x) + Bcos(2x) + Csin(4x) + Dcos(4x)
(h) g(x) = x®sin(3x)

¥p = (AX? + Bx + C)sin(3x) + (Dx? + Ex + F) cos(3x)
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Examples of Forms of y, based on g (Trial Guesses)

(i) g(x) = €* cos(2x) Linear combo of e* cos(2x) and e sin(2x)

Yp = Ae* cos(2x) + Be*sin(2x)
(i) 9(x) = xe~* sin(7x)
Think of the x factor as a first degree polynomial. This is a linear
combo of first degree polynomials times exponentials e~ * times sines

and cosines of 7 x.

Yp = (Ax + B)e " sin(7x) + (Cx + D)e™* cos(rx)
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The Superposition Principle

any™ + a1y 4+ ay = gi1(x) + ..+ gu(x)

The principle of superposition for nonhomogeneous equations tells us
that we can find y, by considering separate problems

Yo, solves  any™ + a1y + ... + agy = g1(x)

Yp, Solves any(”) + an,1y(”‘1) + -+ apy = 92(x),
and so forth.

Then yp, = yp, + Yp, + -+ + Yo -
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The Superposition Principle
Example: Determine the correct form of the particular solution using
the method of undetermined coefficients for the ODE

y" —4y' +4y =66~ 4+ 16x2
Cons o bwo P WLoms -
Faad Muor  soloer
Je -3x - 3%
‘:)‘\A __g_,(j\ - L{\? - Q =) j€‘= A e
Af\é p'-\/\s.& nh /Y\,JL‘\' S’m\dﬂf

\9\\_‘_{\9\ _‘_(,l\a = ’(OXL

\0101 - /\gxi* CX *D

.
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A Gilitch!

What happens if the assumed form for y,, is part' of y.? Consider
applying the process to find a particular solution to the ODE

y,/ - y, =3e* Cors Yo o e@ \-e.M‘ owc
exp oraunnal r’@l,&.

x X

@(X)=3C , 9vess 9Yp = Ae
\_a)r‘r —\4‘\,) X'u Ae/\-erm‘u\x A
36’\‘— Ag ) \QP\I:Ag

v\o“ - \Opl - 3-6

A term in g(x) is contained in a fundamental solution set of the associated
homogeneous equation.
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R - AL - 2
O = ?)CX V\4~O/L ‘\S \‘;ﬂ'
0> 3 Ro
X\P\ﬁd)
o

Tha guess U‘,-_Ag s o soluhen ka
W o ocialed  \oroStneows Suoh on

% Mlkpliing By X, Setfing
’ X
Ye = Axe

O Cesd X e C\wc\'\«\_«a) tj‘e
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Cases: Comparing yp to y.

any'” +an-1y" Vv ay = gi(x) .+ gel(x)
Consider one of the g’s, say g;(x). We write out the guess for y,, and
compare it to yq(x).

Case I: The guess for yp,, DOES NOT have any like terms in common
with ye.

Then our guess for y,, will work as written. We do the substitution to
find the A, B, etc.
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Cases: Comparing yp to y.

any + an_ 1y 4 aoy = gi(X) + ...+ gk(X)

Consider one of the g’s, say g;(x). We write out the guess for y,, and
compare it to y(x).

Case lI: The guess for y,, DOES have a like term in common with y.

Then we multiply our guess at y,, by x” where nis the smallest
positive integer such that our new guess x"y,, does not have any like
terms in common with y.. Then we take this new guess and substitute
to find the A, B, etc.
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Case Il Examples
Find the general solution of the ODE.

y' -2y +y=—4¢
Gonseai el Qeb¥ mé  Ox por gw\’bc&. r\%\,\;'(‘ .

Fx»’\é \Oc ; (O(__ solues .%\\ —-Z‘al -4—\9 e

C\\AI‘GQ&—%-S\;'(— 9w A 2«1 =0 onb\{
(m-DN2=0 = ™m=LbL o~

X

X _ % <
Y=e , Y= %Xe \\jc=C\e+C1X6

)

) _ X ~ X < oS
v‘v\é vP . % &)= -Ye Juoess \Of - A e W‘\.‘(\.\D\
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-\—P\D A 'j( = AX ex 7L

o3an oz AXE v4

/\\'\{ Corre ok fen s e = AX1€}

"W \ X
Yo —Zyp +Yp - e
\‘jp Ax e )
:jf QXQ +1_AX€
X
Ve - A Yaxe « 2Ae

2 Y X
P\)Z’g_\,‘-!Aﬁé +ZA€X —Q(J-\xiei( +2A)<e>(\"’ Axe = -He
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Slledk Qe dernes
o2& (A-2A+A> xS (4A-un)+ € (2A) = -ud

OAe = -4 &
A --YU" = A=-Z

m 3{(\@/&) Su\ L»A“ o~

x X - X
y=C e + Gx e - Ix &
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Find the form of the particular soluition

y" -4y’ + 4y = sin(4x) + xe*

Fod Ye M- Y Y=0 = (""’2)1’0

‘ = 2 onb\"‘ oo
X Zx
0 &, g nd |

Loo\t. Lbf ‘\’)r = 3(:. *\4f1 Whrann &f‘

Saues b\\_ 4_,(\3‘ + L-plg = SM(L‘(X\ Aad b‘_-,l

S\ rs

Al z
\9 —qD\%—L’{‘? = Xex
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g\(X) = Sa(vx)
Sk V. = A Sialix) = BCes (Ux) \/
ae Ll derms vn Gamon ) Ye

‘ x 2y
v'-_ < / \j'zq xe
7

T
G2 () = xe ) Yo, * (s o /

- 3 x Z Tx
= Cxe + Oxe

- x
' A Sin (Us) 4T3 G5 (ux) + Co<3ezx+b>< e
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Solve the IVP
y'—y=4e* y(0)=-1, y'(0)=1

T(»L sbL ¢ Cw\s\rméf CJQL)\/\Q\A Lomas,ewa_,ou-f W\\&\
oxponenkl ik hed Sde.

Fne ve MmZ-\ =0 =2 (m-)(m+l) =D
W\ = \ ol ~Mm= —)
X -X e

b e
NIERZ ) Y- € se \jc:c.e-«que

~>< - -x
Fwd Yo 506D = Ye Yp = Ae x-Axe
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The coreed e on s Ve A

ve' = A - AxE”

- -x _
W' - A A&X + Axe --2pe + Axe

Ve -, = e
- ¥
aa e o Axe - Axe

opng s us > A=-Z

-¥

‘A’evxu v‘(_. _er

The  gererd solubon s
X =X -%
“W:C, e +~C.e —2¢xe
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Nouws 99‘9\5 v(lﬂ:—\) %)Cc\ = |

\ < -X -X -
Yy-0e - Ge -2e +l(lxe
o
b(lﬂc ae + € -zo0¢e = -\
C\+Cx:_\
| (o] o o o
Yyw:= Ge -Ge -2e +20€ = A
G- -2
C, - C—a$3
gb\u—{_ C\‘("c_'_:_,\ Q(_.' Q c\'|
. C. —-C =
/'1/?_/ Y R
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A\

- -X
g—-ex - e - e
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