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@ Recursive sequences mod p
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An example

Consider the Fibonacci sequence
0,1,1,2,3,5,8,13,21,34,55,89,....
Usually defined recursively

Fo=0
Fi=1
Frnyo = Fpy1 + Fpon>0.
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
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Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,1,0,1,1,...
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Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,1,0,1,1,...
3:0,1,1,2,0,2,2,1,0,1,1,2,...
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
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Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,1,0,1,1,...
3:0,1,1,2,0,2,2,1,0,1,1,2,...
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
7:0,1,1,2,3,51,6,0,1, ...
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.

2:0,1,1,0,1,1,0,1,1,...
3:01,1,2,0,2,2,1,0,1,1,2,...

5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1, ...

7:0,1,1,23,5,1,6,0,1, ...
11:0,1,1,2,3,5,8,2,10,1,0, 1, ...
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.

2
3
5
7
11
13

:0,1,1,0,1,1,0,1,1,...
:0,1,1,2,0,2,2,1,0,1,1,2, ...
:0,1,1,2,38,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
:0,1,1,2,8,5,1,6,0, 1, ...
:0,1,1,2,8,5,8,2,10,1,0,1, ...

:0,1,1,2,8,5,8,0,8,8,3,11,1,12,0, 12, 12, 11,10, 8, 5, 0, 5,

10,2,12,1,0,1,...
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,1,0,1,1,...
3:0,1,1,2,0,2,2,1,0,1,1,2,...
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
7:0,1,1,2,3,51,6,0,1, ...
11:0,1,1,2,3,5,8,2,10,1,0, 1, ...

13:0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12,12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,...

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3,15, 1,16, 0, 16, 16, 15,
14,12,9,4,13,0,13,13,9,5,14,2,16, 1,0, 1,...
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,1,0,1,1,...
3:0,1,1,2,0,2,2,1,0,1,1,2,...
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
7:0,1,1,2,3,51,6,0,1, ...
11:0,1,1,2,3,5,8,2,10,1,0, 1, ...

13:0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12,12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,...

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3,15, 1,16, 0, 16, 16, 15,
14,12,9,4,13,0,13,13,9,5,14,2,16, 1,0, 1,...

19 :0,1,1,2,3,5,8,13,2,15,17,13, 11,5,16,2, 18, 1,0, 1,. ..
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13:0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12,12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,...
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.

2
3
5
7
11
13 :

:0,1,1,0,1,1,0,1,1,...
:0,1,1,2,0,2,2,1,0,1,1,2, ...
:0,1,1,2,38,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, ...
:0,1,1,2,8,5,1,6,0, 1, ...
:0,1,1,2,8,5,8,2,10,1,0,1, ...

0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12,12, 11,10, 8, 5, 0, 5,

10,2,12,1,0,1,...

17

0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3,15, 1, 16, 0, 16, 16, 15,

14,12,9,4,13,0,13,13,9,5,14,2,16, 1,0, 1,...

19 :

0,1,1,2,3,5,8,13,2,15,17,13,11,5,16,2,18,1,0, 1,....

Each is periodic. Let k(p) denote the period length.

(Agnes Scott College)

4/46



0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3

3:0,1,1,2,0,2,2,1,0,1,...k(3) — 8

5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,
...k(5) =20
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28

5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,
...k(5) =20

7:0,1,1,2,8,5/1,6,0,1,...k(7) =8
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.

2:0,1,1,0,1,...k(2) 3
3:0,1,1,2,0,2,2,1,0,1,...k(3) — 8

5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,
...k(5) =20

7:0,1,1,2,8,5/1,6,0,1,...k(7) =8
11 :0,1,1,2,8,5,8,2,10,1,0, 1, ... k(11) =10
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28

5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,
...k(5) =20

7:0,1,1,2,8,5/1,6,0,1,...k(7) =8
11 :0,1,1,2,8,5,8,2,10,1,0, 1, ... k(11) =10

13 :0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12, 12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,.... k(13) — 28
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1,

...k(5) =20
7:0,1,1,2,3,51,6,0,1,...k(7) =28
11:0,1,1,2,3,5,8,2,10,1,0, 1, ... k(11) =10

13 :0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12, 12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,.... k(13) — 28

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3, 15,1, 16, 0, 16, 16, 15,
14,12,9,4,13,0,13,13,9,5,14,2,16,1,0,1,... k(17) = 36
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1,

...k(5) =20
7:0,1,1,2,3,51,6,0,1,...k(7) =28
11:0,1,1,2,3,5,8,2,10,1,0, 1, ... k(11) =10

13 :0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12, 12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,.... k(13) — 28

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3, 15,1, 16, 0, 16, 16, 15,
14,12,9,4,13,0,13,13,9,5,14,2,16,1,0,1,... k(17) = 36

19 :0,1,1,2,83,5,8,13,2,15,17,13, 11,5, 16,2, 18,1, 0,
1,...k(19) = 18
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Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1,

...k(5) =20
7:0,1,1,2,3,51,6,0,1,...k(7) =28
11:0,1,1,2,3,5,8,2,10,1,0, 1, ... k(11) =10

13 :0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12, 12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,.... k(13) — 28

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3, 15,1, 16, 0, 16, 16, 15,
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0,1,1,2,3,5,8,13,21,34,55,89, ...

Let p be a prime, and consider the Fibonacci sequence mod p.
2:0,1,1,0,1,...k(2) =3
3:0,1,1,2,0,2,2,1,0,1,...k(3) =28
5:0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1,

...k(5) =20
7:0,1,1,2,3,51,6,0,1,...k(7) =28
11:0,1,1,2,3,5,8,2,10,1,0, 1, ... k(11) =10

13:0,1,1,2,3,5,8,0,8,8,3,11,1,12,0, 12, 12, 11, 10, 8, 5, 0, 5,
10,2,12,1,0,1,.... k(13) — 28

17 :0,1,1,2,3,5,8,13,4,0,4,4,8,12, 3, 15,1, 16, 0, 16, 16, 15,
14,12,9,4,13,0,13,13,9,5,14,2,16,1,0,1,... k(17) = 36

19 :0,1,1,2,83,5,8,13,2,15,17,13, 11,5, 16,2, 18,1, 0,
1,...k(19) = 18

Question. Is there a formula to compute k(p)?
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The answer...

Probably not.

Fibonacci period mod p
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Figure: Fibonacci period as a function of p
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But...

The figure suggests some results.

Fibonacei period mod p Scatter Plot | & I
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—period=2{p + 1)
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period=p +1

Figure: The lines are k(p) =2(p+ 1) and k(p) = p+ 1
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Facts about k(p),p > 2

[D.D. Wall, 1960]

@ k(p) is even.
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@ k(p) = p? —1ifandonly if p = 5.
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Generalization 1

What if we change the initial conditions?
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What if we change the initial conditions?
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What if we change the initial conditions?
Often not interesting.

@ If p=42 mod 5 then any change of initial conditions produces
the same period.
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Generalization 1

What if we change the initial conditions?
Often not interesting.

@ If p=42 mod 5 then any change of initial conditions produces
the same period.
@ Ifp=41 mod 5 or p =5 then

e There are exactly p(p — 1) choices of initial conditions such that the
period is k(p).
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Generalization 1

What if we change the initial conditions?
Often not interesting.

@ If p=42 mod 5 then any change of initial conditions produces
the same period.
@ If p=+4+1 mod 5or p=>5then
e There are exactly p(p — 1) choices of initial conditions such that the
period is k(p).
o There are exactly p — 1 choices of initial conditions such that the
period is k(p)/2.
Example 1. p=5:1,3,4,2,1,3... (recall k(5) = 20)
Example 2. p=11:1,4,5,9,3,1,4... (recall k(11) = 10)
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Generalization 1

What if we change the initial conditions?
Often not interesting.

@ If p=42 mod 5 then any change of initial conditions produces
the same period.
@ If p=+4+1 mod 5or p=>5then
e There are exactly p(p — 1) choices of initial conditions such that the
period is k(p).
o There are exactly p — 1 choices of initial conditions such that the
period is k(p)/2.
Example 1. p=5:1,3,4,2,1,3... (recall k(5) = 20)
Example 2. p=11:1,4,5,9,3,1,4... (recall k(11) = 10)

The exception is the initial conditions Fy = F; = 0 which produces a
period length 1.
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Generalization 2

What if we change the recurrence relation?
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Generalization 2

What if we change the recurrence relation? Fix a prime p > 2.
Consider a sequence {s,} which satisfies the recurrence relation

Sni2 = C1Spy1 + C2Sn, C1,C2 € Z, p 1 Co.
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Must {s,} be periodic? If so:
@ What is the period?

(Agnes Scott College) 10/ 46



Generalization 2

What if we change the recurrence relation? Fix a prime p > 2.
Consider a sequence {s,} which satisfies the recurrence relation
Sni2 = C1Spy1 + C2Sn, C1,C2 € Z, p 1 Co.

Must {s,} be periodic? If so:
@ What is the period?

©@ How much does the period length depend on the initial conditions
Sp, S17
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Generalization 2

What if we change the recurrence relation? Fix a prime p > 2.
Consider a sequence {s,} which satisfies the recurrence relation

Sni2 = C1Spy1 + C2Sn, C1,C2 € Z, p 1 Co.
Must {s,} be periodic? If so:

@ What is the period?

©@ How much does the period length depend on the initial conditions
Sp, S17

Clearly, period length depends only on the congruence classes of the
parameters.

(Agnes Scott College) 10/46



(Agnes Scott College) 11/ 46



Snt2 = C1Sp4q + C28n, Cy,C2 € Z,p 1 Co.
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Snt2 = C1Sp4q + C28n, Cy,C2 € Z,p 1 Co.

Q If si=s;,«and sj. 1 = sj 1.« then {s,} is periodic (and period is a
divisor of k).
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Q If k is the smallest positive integer such that sy = sg and
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Q If si=s;,«and sj. 1 = sj 1.« then {s,} is periodic (and period is a
divisor of k).

Q If k is the smallest positive integer such that sy = sg and
Sk+1 = S1 then the period is k.

©Q Ifty =spand t; = s,¢ and both sequences have the same
recurrence relation, the two sequences have the same period.

@ The period is bounded by p? — 1.

1, 2, and 3 are straightforward; 4 follows from 3 since there are only
p? — 1 nontrivial choices for consecutive pairs of elements mod p.

(Agnes Scott College) 11/ 46



Generalization 3

What if the recurrence is third order?
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Generalization 3

What if the recurrence is third order? Fourth order? w!" order?

w
Sntw =Y _ CiSnsw—i: Ci € Z,P1 Cw.
i=1
Must {sp} be periodic? Yes, and bounded by p" — 1.
@ What is the period?

@ How much does the period length depend on the initial conditions
807817”'7SW—1?
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9 Some linear algebra
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An observation

Since period length depends only on the congruence classes for the
parameters, we can consider sequences {sp} C [F, which satisfy the
recurrence relation

Sn+2 = C1Spy1 + C28p, €1, C2 € Fp, 02 # 0.
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parameters, we can consider sequences {sp} C [F, which satisfy the
recurrence relation

Sn+2 = C1Spy1 + C28p, €1, C2 € Fp, 02 # 0.

This allows us to use the theory of matrices over a field.
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Sni+2 = C1Sni1 + C28p, €1, C2 € Fp, C2 # 0

A second-order linear recurrence relation gives rise to a 2 x 2 matrix.
Let

0o 1

A=A(c,c) = [ & o

} € GLa(F,), X, = [ 3:11 ] .n>0.
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Sny2 = C1Sp41 + C2Sp, €1, C2 € Fp, 2 # 0

A second-order linear recurrence relation gives rise to a 2 x 2 matrix
Let

A:A(C1,Cg):|:c(?2 011:|GGL2(Fp),Xn:|: Sn ],n>0.

Sn+1 -
Then

wo=o o]
C € Sp+1

_ [ Sn+1 _ Sn+1
CoSp + C1Sp+1 Sn+2
= Xn1

So A%y = Xp.
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e Second order sequences

@ Fibonacci sequence with different initial conditions
@ Period lengths
@ Maximal periods
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Fibonacci recurrence relation, p =7

LetA:[

— O
— —h
| S
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Fibonacci recurrence relation, p =7

0 1
Let A= [ 1 1 } .
(Recallp=2 mod 5 — k(p) | 2(p+ 1) — k(7) | 16.)
It can be shown that ord(A) = 8.

The characteristic equation for A is
AA) =X -N-1=0,

which has no solutions in F7.

Since A has no eigenvalue in 7, the period is k = 8.

Notice that the period of the sequence is k = 8 regardless of initial
conditions.
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Fibonacci recurrence relation, p = 11

0 1
Le'[A_[1 1}
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Fibonacci recurrence relation, p = 11

11
The characteristic equation is still A(A) = A2 — X\ — 1 = 0, which gives
eigenvalues Ay = 4, Ao = 8 € Fy;4.
Easy to show |4| =5, 8] = 10, and ord(A) = lcm(|4/,|8|) = 10.

LetA:[o 1}.
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A= {? ”,generalp>2
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1++5
5

A=
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1++5

)\:2.

Over Fp, the multiplicative inverse to 2is (p + 1) /2.
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root of 5 mod p”, i.e., a d € Fp with d? = 5.
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Sn+2 = Sn+1 + Sn

if p=>5then \ = 3.
if p=+1 mod 5 then two eigenvalues.
if p =42 mod 5 then no eigenvalues.

@ if p=5then ord(A) = 20 and |3| = 4.
The initial conditions (sp, 1) which give k = 5 are
(1,3),(2,1),(3,4),(4,2).
All other initial conditions give k = 20.
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Back to the Fibonacci sequence
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Back to the Fibonacci sequence

InFpe, p#5, A2 — )\ — 1 = 0 has two distinct solutions A1, As.
Then Ais diagonalizable in GLx(F2) and has order lem(|A4], [A2]).

Note k(p) = ord(A) since Xy = [ 0

1 ] cannot be an eigenvector.

o k(p) | P> —1.
‘)\1‘ ‘/\2‘ divide ‘FSZ‘ = ,02 —1.

@ Ifp=+1 mod 5then k(p) | p—1.
A, X2 € Fp so their orders divide p — 1.

o If p=+2 mod 5then k(p) | 2(p+1),k(p)t (p+1).
In this case \» = )\f. The result follows from this relationship.

@ k(p) = p? —1ifandonly if p = 5.
Note A(1, 1) is not diagonalizable when p = 5.

@ K(p) is even.
Follows mostly from the previous results.
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Fix a prime p.
For ¢y, ¢, S0, 81 € Fp, G2 # 0, let k¢, ¢,)(So, S1) be the period of
Sni2 = C1Sp11 + €28y With initial conditions sy, s1.
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Fix a prime p.
For ¢y, ¢, S0, 81 € Fp, G2 # 0, let k¢, ¢,)(So, S1) be the period of
Sni2 = C1Sp11 + €28y With initial conditions sy, s1.
Note the Fibonacci period is k(1.1)(0, 1), and that p is suppressed in
this notation.
Questions.
@ What are the possible values of k¢, ¢,)(So, $1)?
© Which positive integers k are realizable as a period length, i.e. for
which k is there a choice of ¢y, ¢, g, 1 € Fp, &2 # 0, such that
K(c,,co)(S0, S1) = n?
For brevity, write k for k¢, ,)(So, St)-
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Possible values

The matrix A = A(c¢y, ¢2) has characteristic equation
A(A) =X 2 —ciA—c =0.
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(Agnes Scott College) 25/ 46



Possible values
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@ Let Ay, X2 € [Fp be the (distinct, nonzero) eigenvalues.
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o X ] € GLo(F,).
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@ Let Ay, X2 € [Fp be the (distinct, nonzero) eigenvalues.
A O
0 s ] € GL(Fp).
@ Subcase 1. (s, 51) € (Fp)? be in one of the two eigenspaces, say
the subspace corresponding to eigenvalue \¢. (So s1 = \Sp.)
o Then k = |\].
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Possible values

The matrix A = A(c¢y, ¢2) has characteristic equation
A(A) =X 2 —ciA—c =0.

Case 1. ¢? + 4¢; is a quadratic residue mod p.

@ Let Ay, X2 € [Fp be the (distinct, nonzero) eigenvalues.
M0
0 ] € GLo(Fp).
@ Subcase 1. (s, 51) € (Fp)? be in one of the two eigenspaces, say
the subspace corresponding to eigenvalue \¢. (So s1 = \Sp.)
o Then k = |\].
e Since |a| | (p — 1) for all nonzero a € F, we have k | (p — 1).
@ Subcase 2. (s, s1) € (Fp)? is not in an eigenspace.
e Then k = ord(A) = lem(|A1], |A2]).
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Possible values

The matrix A = A(c¢y, ¢2) has characteristic equation
A(A) =X 2 —ciA—c =0.

Case 1. ¢? + 4¢; is a quadratic residue mod p.

@ Let Ay, X2 € [Fp be the (distinct, nonzero) eigenvalues.
A O
0 ] € GL(Fp).

@ Subcase 1. (s, 51) € (Fp)? be in one of the two eigenspaces, say
the subspace corresponding to eigenvalue \¢. (So s1 = \Sp.)
o Then k = |\].
e Since |a| | (p — 1) for all nonzero a € F, we have k | (p — 1).
@ Subcase 2. (s, s1) € (Fp)? is not in an eigenspace.
e Then k = ord(A) = lem(|A1], |A2]).
e Since |a| | (p— 1) for all nonzero a € F, we have

kl(p—1).

@ Ais similar to {

(Agnes Scott College) 25/ 46



Possible values

A(A) =X 2 —ciA—c =0.

Case 2. ¢? + 4¢;, is not a quadratic nonresidue mod p.
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Case 2. ¢? + 4¢;, is not a quadratic nonresidue mod p.

@ Let A\, \? € Fp \ Fp be the eigenvalues.
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Possible values

A(A) =X 2 —ciA—c =0.
Case 2. ¢? + 4¢;, is not a quadratic nonresidue mod p.
@ Let A\, \? € Fp \ Fp be the eigenvalues.
@ Ais diagonalizable; it is similar to
[ A0

0 \P° :| € GLg(sz)
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Possible values

A(A) =X 2 —ciA—c =0.
Case 2. ¢? + 4¢;, is not a quadratic nonresidue mod p.

@ Let A\, \? € Fp \ Fp be the eigenvalues.
@ Ais diagonalizable; it is similar to

[)\O

0 \P° :| € GLg(sz)

@ Then k = ord(A) = lem(|\[, |\P]) = |A|.
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Possible values

A(A) =X 2 —ciA—c =0.
Case 2. ¢? + 4¢;, is not a quadratic nonresidue mod p.

@ Let A\, \? € Fp \ Fp be the eigenvalues.
@ Ais diagonalizable; it is similar to

A0
0 W

] € GLa(F2)

@ Then k = ord(A) = lcm(|A[, |AP]) = |Al.
@ Since |a| | (0 —1),|alt (p— 1) forall a € F \ Fp, we have

K| (P®=1)kt(p—1).
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Possible values

Case 3. ¢7 +4c, = 0.
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A(A) =X —ciA—c, =0.
Case 3. ¢7 +4c, = 0.

@ Then there is an eigenvalue )\ € F, with algebraic multiplicity 2.
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@ Ais not diagonalizable; it is similar to
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Possible values

A(A) =X —ciA—c, =0.
Case 3. ¢7 +4c, = 0.
@ Then there is an eigenvalue )\ € F, with algebraic multiplicity 2.
@ Ais not diagonalizable; it is similar to
A0
[ 1 } € GLa(Fp2)

@ Then k = ord(A) = p|A|.
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Possible values

A(A) =X —ciA—c, =0.
Case 3. ¢7 +4c, = 0.
@ Then there is an eigenvalue )\ € F, with algebraic multiplicity 2.
@ Ais not diagonalizable; it is similar to
A0
[ 1 } € GLa(Fp2)

@ Then k = ord(A) = p|A|.
@ Since |a| | (p — 1) for all nonzero a € Fp, we have

k = pm, forsome m| (p—1).
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[C. Franzel, R. Psalmond, H, Tobiasz, 2011]
Question. What are the possible values of k := K, ,)(So, S1)?
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@ k divides p? — 1, or

® p|kandk|(p(p—1)),
the latter case holding if and only if ¢ — 4¢, = 0.
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[C. Franzel, R. Psalmond, H, Tobiasz, 2011]
Question. What are the possible values of k := K, ,)(So, S1)?
Answer. Either

@ k divides p? — 1, or

® p|kandk|(p(p—1)),

the latter case holding if and only if ¢ — 4¢, = 0.
Example. For p = 17 the only possible periods are

1,2,3,4,6,8,9,12,16,17,18, 24,32,
34,36,48,68,72,96, 136, 144,272, 288.
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Realizability

Example. For p = 17 the only possible periods are

1,2,3,4,6,8,9,12,16,17,18,24, 32,
34,36,48,68,72,96,136,144,272,288.
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Question. Do all of the above numbers actually arise as periods?
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We say a positive integer k is realizable mod p if there exists
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Realizability

Example. For p = 17 the only possible periods are

1,2,3,4,6,8,9,12,16,17,18,24, 32,
34,36,48,68,72,96,136,144,272,288.

Question. Do all of the above numbers actually arise as periods?
We say a positive integer k is realizable mod p if there exists

Cy, C2, So, S1 such that k = k¢, ,)(So, S1)-

Note that 1 is realizable for all p. (s = s1 = 0).
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If k is realizable, then k | p> — 1 or k | p(p — 1)

Theorem. [C. Franzel, R. Psalmond, H. Tobiasz, 2011] Any k
satisfying the divisibility criteria above is realizable.
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We will investigate three cases.
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The three cases will correspond to the three possibilities for the
eigenvalues \q, Ao of the constructed matrix A(cy, ¢1):

o )\17)‘2€FP
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Casel: k| p—1

@ Pick Ay € Fp, M| = k.
(Technical detail: yes, you can do this.)
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@ Pick Ay € Fp, M| = k.
(Technical detail: yes, you can do this.)

@ Let \ € ]Fp,)\g ¢ {0,)\1}.
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Casel: k| p—1

@ Pick Ay € Fp, M| = k.
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@ Let \ € ]Fp, Ao & {0, )\1}.
@ Let

0 1
A=
|: —AAo )\1+)\2:|
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(Technical detail: yes, you can do this.)
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@ Let
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A=
|: —AAo )\1+)\2:|

Then A4 is an eigenvalue for A, and [ ; ] is a corresponding
1

eigenvector.
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Casel: k| p—1

@ Pick Ay € Fp, M| = k.
(Technical detail: yes, you can do this.)

@ Let \ € ]Fp, Ao & {0, )\1}.
@ Let

0 1
A=
|: —AAo )\1+)\2:|

Then A4 is an eigenvalue for A, and [ ; ] is a corresponding
1
eigenvector. The sequence
Sp=1
S1 =\
Sny2 = (A + A2)Snp1 — A A2sp

has period k.
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Example: p=17,k=8

@ Pick Ay € Fp, |A\1| = k. One choice: Ay = 2.
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Example: p=17,k=8

@ Pick Ay € Fp, |A\1| = k. One choice: Ay = 2.
@ Let \p € Fp, A2 # 0, A\y. One choice: Ao — 1.

@ Let
A_] O 1 7 [0 f
- ~XMX2 M+ | 15 3

The sequence

sg=1
s =2
Sny2 = 3Sp41 + 158y

has period k = 8:

1725478716,15,13,9,1,2,....
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Case2: k|p?>—1,kfp—1

@ Pick A := )\ € ]sz, |A‘ =K.
(Technical detail 1: yes, you can do this.)
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(Technical detail 1: yes, you can do this.)
@ Let Ao = A\P. Note |\?| = k as well.
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Case2: k|p?>—1,kfp—1
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Case2: k|p?>—1,kfp—1

@ Pick A := )\ € ]sz, |A‘ =K.
(Technical detail 1: yes, you can do this.)
@ Let Ao = A\P. Note |\?| = k as well.

o Let
0 1

A= et

(Technical detail 2: — AP+ X\ + AP € Fp. )
Then ord(A) = k. The sequence

s50=0
s1 =1
Sni2 = A+ APspyq — APH Sn
has period k.
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Example: p=17 k=18

We write F, = {a+ ba : a,b € Fp,0? = 3}.
@ Pick A := Ay € Fpe, [A] = k. One choice: Ay =2 + a.
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Example: p=17 k=18

We write F, = {a+ ba : a,b € Fp,0? = 3}.
@ Pick A := Ay € Fpe, [A] = k. One choice: Ay =2 + a.
@ Let A = AP. Note |A\P| = kaswell. \V =2+ 160 =2 — o.

@ Let
A 0 1 [ o 1
B AR D L I B B

The sequence

So=0
s =1
Sni2 = 4Spi1 — Sp

has period k = 18:
0,1,4,15,5,5,15,4,1,0,16,13,2,12,12,2,13,16,0,1, ...
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Case3: k|p(p—1),p| k

Letm=k/p e Z.

@ Pick A € Fp, |\ = m.
(Technical detail: yes, you can still do this since m | p—1.)
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Then A has exactly one eigenvalue A\ and is clearly not diagonalizable,

so A is similar to [ i‘ 2 ] which has order pm.
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Letm=k/p e Z.

@ Pick A € Fp, |\ = m.
(Technical detail: yes, you can still do this since m | p—1.)

@ Let
0 1
A_[—)\Z 2/\]

Then A has exactly one eigenvalue A\ and is clearly not diagonalizable,

so Ais similar to [ i‘ 2 ] which has order pm. The sequence

So=0
S = 1
2
Spni2 = 2ASn11 — A°Sp

has period k.
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Example: p=17, k=68, m=68/17 = 4

@ Pick A € Fp, |A\| = m. One choice: A — 4.
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Example: p=17, k=68, m=68/17 = 4

@ Pick A € Fp, |A\| = m. One choice: A — 4.
@ Let
0o 1 0 1
A‘[—AZ 2)\]_{1 8}
The sequence
So=0,81 =1,8p,2=8Sp11 + Spn

has period kK = 68 :

0,1,8,14,1,5,7,10,2,9,6,6,3,13,5,2,4,
0,4,15,5,4,3,11,6,8,2,7,7,12,1,3, 8, 16,
0,16,9,3,16,12,10,7,15,8,11,11,14,4,12,15, 13,
0,13,2,12,13,14,6,11,9,15,10,10,5,16,14,9,1,
0,1,...
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A New Question

For a fixed p, we know that p® — 1 is the maximum period.
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A New Question

For a fixed p, we know that p® — 1 is the maximum period.
Question How likely will a choice of ¢y, ¢z give k¢, ,)(0,1) = p? —17?

Recall: cannot be an eigenvector for A(cq, ¢2) and hence will

1
give the longest period for the recurrence relation.

(Agnes Scott College) 37/ 46



Sketch of results

Suppose K, ¢,)(0,1) = p? — 1. Then
@ A(cq, ¢p) has two eigenvectors A\, \P & [Fp,.
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same values for ¢y, ¢, if and only if v = AP or (equivalently) A = ~P.
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@ A(ct, ¢2) has two eigenvectors A\, \P & [Fp,.
@ |\N=p?-1.
e There are ¢(p® — 1) elements in F of order p* — 1.
(¢(n) =# {1 <a<n:gcd(a,n) =1})
@ For a given choice of A we get
Cq :)\+)\p,02=—)\p+1
@ Two different choices of eigenvalue, say A\ and ~, will give the
same values for ¢y, ¢, if and only if v = AP or (equivalently) A = ~P.

Theorem. [K., M. Zhou, 2013)] The number of linear recurrence
relations for which k¢, ¢,)(0,1) = p? —11is
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Sketch of results

Suppose K, ¢,)(0,1) = p? — 1. Then
@ A(ct, ¢2) has two eigenvectors A\, \P & [Fp,.
@ |\N=p?-1.
e There are ¢(p® — 1) elements in F of order p* — 1.
(¢(n) =# {1 <a<n:gcd(a,n) =1})
@ For a given choice of A we get
Cq :)\+)\p,02=—)\p+1
@ Two different choices of eigenvalue, say A\ and ~, will give the
same values for ¢y, ¢, if and only if v = AP or (equivalently) A = ~P.

Theorem. [K., M. Zhou, 2013)] The number of linear recurrence
relations for which k¢, ¢,)(0,1) = p? —11is

¢(p* — 1)
2
So the probability that a random (¢4, ¢;) gives maximal period is

o(p* —1)/(2(p* - 1)).
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o(p¥) = pP*=1(p — 1), p prime; ¢(mn) = ¢(m)p(n), ged(m, n) = 1.
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¢(p*) = p*~(p — 1), p prime; ¢(mn) = (m)¢(n), ged(m, n) = 1.
Example (o = 17,p> — 1 = 288 = 2°. 3?)

$(288) = ¢(2°)$(3%) = (2*(2 - 1))(3'(3 — 1)) = 16 -6 = 96
So there are 48 choices of (¢4, ¢z) which give the maximum period
(probability: 48/288 = 1/6).
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Example (p = 2017, p2 —1=4068288 =26.32.7. 1009)
We have

$(4068288) = ¢(2°)$(3%)$(7)¢(1009)
—32.6-6-1008 = 1161216
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o(p¥) = pP*=1(p — 1), p prime; ¢(mn) = ¢(m)p(n), ged(m, n) = 1.

Example (o = 17,p> — 1 = 288 = 2°. 3?)

$(288) = ¢(2°)$(3%) = (2*(2 - 1))(3'(3 — 1)) = 16 -6 = 96
So there are 48 choices of (¢4, ¢z) which give the maximum period
(probability: 48/288 = 1/6).

Example (p = 2017, p2 —1=4068288 =26.32.7. 1009)
We have

$(4068288) = ¢(2°)¢(3%)4(7)$(1009)
—32.6-6-1008 = 1161216

So there are 580608 choices of (¢4, ¢2) which give maximum period
(probability: 1161216/4068288 = 288/1009 ~ .285).

(Agnes Scott College)
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Is it possible to actually list the (cq, ¢2) as opposed to counting them?
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Is it possible to actually list the (cq, ¢2) as opposed to counting them?

Yes.
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e Third order sequences and beyond
@ Third order
@ Beyond
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The Question

Now consider a sequence {s,} which follows the recurrence relation

Sp4+3 = C1Sp+2 + C2Spy1 + C35n.
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The Question

Now consider a sequence {s,} which follows the recurrence relation
Sn+3 = C1Sp42 + C2Spy1 + C3Sp.

What can we say about the period?
Do the results of Franzel-Psalmond-Tobiasz generalize?
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Yes.

Let
0 1 0
A= 0 0 1
C3 Co Cf

and let Ay, A2, A3 € Fps be its eigenvalues.
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Then [S. Shan, 2012]:
@ If the eigenvalues are distinct, and vy = v» = v3 = 1, then
kip-—1.
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For a sequence given by a third order linear recurrence relation, the
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Theorem

For a sequence given by a third order linear recurrence relation, the
period k satisfies

°k’p3—1’
@ k|p?—1,or
® k|p(p—1).

Furthermore, any k satisfying one of the above divisibility criteria is
realizable.
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Does it generalize further?

Yes, but it's awkward to state.

Let {s,} be a sequence satisfying an w" order linear recurrence
relation. Let k be its period.

@ Let \q,..., A\ € Fpw be the distinct eigenvalues.
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@ For 1 < i< tlet m; be the algebraic multiplicity of \;.
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Let {s,} be a sequence satisfying an w" order linear recurrence

relation. Let k be its period.
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Theorem (S. Shan, 2012)

With the notation above, k | pVq.
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Does it generalize further?

Yes, but it's awkward to state.
Let {s,} be a sequence satisfying an w" order linear recurrence

relation. Let k be its period.
@ Let \q,..., A\ € Fpw be the distinct eigenvalues.
@ For 1 < j < tlet m; be the algebraic multiplicity of \;.
@ Let M = max{m;}.
@ Letv;=min{r: )\ € Fy}.
@ Letg=Icm(p“ —1,p"2 —1,...,p"t = 1).

Theorem (S. Shan, 2012)

With the notation above, k | pVq.

There is a converse which, to date, defies a nice description.
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Thank you.

(Agnes Scott College) 46 / 46



	Recursive sequences mod p
	Some linear algebra
	Second order sequences
	Fibonacci sequence with different initial conditions
	Period lengths
	Maximal periods

	Third order sequences and beyond
	Third order
	Beyond


