March 1 Math 2306 sec. 51 Spring 2023

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any™ +ap 1y + - + apy = g(x)
where g comes from the restricted classes of functions
» polynomials,
> exponentials,
> sines and/or cosines,
» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Examples (from last time)

y'—4y' +4y =8x+1, g(x)=8x+1

We guessed that y, = Ax + B and found that A= 2 and B = % worked.
So a particular solution was

9
yp_2x+z.

—3x

y' -4y +4y =6e¥, g(x) =6e

We guessed that y, = Ae~3* and found that A = 2% worked. So a

particular solution was
Vo = Ee—Sx
P—257
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Classifying the RHS
y" — 4y +4y = 16x?
Question: Is g(x) = 16x? a monomial or a polynomial?
> Setting y, = Ax? failed (led to conflicting conditions on A).

» We have to account for all /ike terms that can arise from taking
derivatives.

» The proper classification for g in this context is as a 2" degree
polynomial.

» The correct form for the particular solution is

yp:Ax2+Bx+C
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Solve an Initial Value Problem

y' —4y' +4y =16x%, y(0)=0, y'(0)=0.
Tha gewer & soledan Tools Wl y=yc+vye

Ve Sy hues '\9”—‘-{3‘1-\'4‘-310
\OC—‘ C‘\o\ +C?/\3——L_

Charad . e Mm*= e+ =0

2x 2x
v\'. e ) kj‘?.-' ’Xe
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y" — 4y’ +4y = 16x*
Fiad We 02;’\3 Mo mednod

Yo=Ax*+Bx+C
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Ye = Hop' * e ' x

QA -4 (Z/—\x +%) *WQ\Q* Bx+C) = lbx”

U + (CeA+uR) % o (2A-MB 4D = Loy
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Y ace CaALURY x + (ZA-UB+U() = Jbxt + Oy + O

Marel \ilee dera<-
up -\ = A=Y
- A 4 UB =0 = 4B=8A = B=7A =8
ZA -48 +4c =0
Co Ue = -2A+UE = - Z(w)+ u(8) = 2Y

C=0

Yo=Ax®+Bx+C La doua)
P\‘-q) %: (&\ C'LSO

\_Eﬁi: Ux"+ Bx + C
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(D“"‘ %evxer*o—Q. So\LdNs~ - ‘)(‘\A_K_ AL is

: X iz
Yy = c‘e%yﬁcbye +b{><—«—8x+(o
\
- O (>=0
Peels Y= %1 9

T A% X
%l- S 6w, e w1Caxe « 8% ¥ 8

y(O\‘“ C\6°+ Cv.'O‘C; + k‘{(O\L v B(o)+(< < 0

C\+ 6 =0
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C, = -G
\J‘C&c 2¢, §+ (1,80-» 26,00 e +8(y+8 =0

’ZC\‘PCL_‘JQ‘;D

c, = -8-2C,
=-g-2(-L)-H

The sdubion = e NP s
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General Form: sines and cosines

y" —y' =20sin(2x)

If we assume that y, = Asin(2x), taking two derivatives would lead to
the equation

—4Asin(2x) — 2Acos(2x) = 20sin(2x).
This would require (matching coefficients of sines and cosines)

—4A=20 and —-2A=0.

This is impossible as it would require —5 = 0!
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General Form: sines and cosines

We must think of our equation y” — y’ = 20sin(2x) as
y" —y' = 205sin(2x) + 0 cos(2x).

The correct format for yp, is

¥p = Asin(2x) + Bcos(2x).

Two Rules of Thumb

» Polynomials include all powers from constant up to the
degree.

» Where sines go, cosines follow and vice versa.
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