November 12 Math 2306 sec. 51 Fall 2021

Section 17: Fourier Series: Trigonometric Series

Consider a function f(x) defined on the interval [-x, 7]. A series of the
form

oo
?0 Z ap cos Nx + bpsin nx) .

is called the Fourier series or Trigonometric series of f.
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An Orthogonal Set of Functions on [—m, 7]

Recall that the set of functions
{1, cos x, cos 2x, cos 3x, . .., sin X,sin 2x,sin 3x, ...}
is an orthogonal set on the interval [, 7].

Key Point: This means that if we take any two functions f and g from
this set, then

™

f(x)g(x)dx =0 if fand g are different functions!

—T
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Fourier Series

Suppose f(x) is defined for —r < x < 7. We would like to know how to
write f as a series in terms of sines and cosines.

Task: Find coefficients (numbers) ag, ai, a», ... and by, bo, ... such
that!

o0
?0 z_: ap cos NX + bpsin nx) .

"We'll write 2 as opposed to a purely for convenience.
2
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Finding an Example Coefficient
Let’s find the coefficient by.

Start with the series f(x) = f (ancos nx + by sin nx), and

QD

2
multiply both sides by sin(4x).
f(x) sin(4x) = % sin(4x) + Z (ancos nx sin(4x) + bnsin nx sin(4x)) .

n=1

We integrated from —x to . Using the orthogonality property, we

came to the conclusion that qu -
7T' ) ~
| f00sin(ax) de = by P W“
Ny
giving us a formula @‘“
1 7 4 Lé‘
b — 1 / F(x) sin(4x) dx.
™ J =T
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Finding an Example Coefficient

Let’s find the constant term ap/2. We’'ll follow the same procedure.
Start by assuming f has the series representation.

o0
?0 z_: ap cos NX + bpsin nx) .

» Multiply both sides of the equation by 1,

> integrate from —x to 7. - .
T 2l w
e A On (o5 () & b S ny)d
S\@(xvéx: S-{OJ¥1-L‘ Xr ‘(x)y*,:g: v
P n-=

~ )
(\ZQ CO\Q,Q S Cos (hx) A)( =0 cn g\v‘(V\X)k’LX =0 <Cef [\3\/1}?- -
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Finding Fourier Coefficients

oo
?0 + Z an cos Nx + by sin nx)

n=1

There’s nothing special about b, or gy (aside from the factor of 2). In
fact, foreveryn=1,2.3, ...

/ cos?(nx) dx =, / sin(nx) dx =

—T —T

and 12 dx = 2.

—T

The orthogonality property of the set {1, cos(nx),sin(nx)|n=1,2,...}
provides a set of formulas for the coefficients, a,, bn.
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The Fourier Series of f(x) on (—m, )

The Fourier series of the function f defined on (—=, 7) is given by

(o)
?0 z_: ap cos NX + bpsin nx) .

Where
a = 1/7T f(x) dx
o= 2/ ;
an = 1 / f(x)cosnx dx, and
™ —T
by = 1/ f(x) sin nx dx
™ —T
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Example
Find the Fourier series of the piecewise defined function

0, - m<x<0 - :
f(x):{x’ 0 xen J/\

s —
ot Cormgwie W ce\Ecielks
. . ~
O““"_w\v—gv‘('\(x\o\x =.,\-SoA><+J.‘;&\>< Ax ] .
-T -~ & \\ae: _‘—;__- \

=2 [Z\ s [Tl %

A ) ™
av\= ~_—“T—~ S X Css (nx) C\X :-_%\_‘ SO'CDI(,/\)(\A)( -+ ‘-'\r'\‘ S))( be(f\x\éx

- -
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An Orthogonal Set of Functions on [—p, p]

This set can be generalized by using a simple change of variables
t= %X to obtain the orthogonal set on [—p, p]

{1,cosmrx,sin mﬂx\n,m:i1,ﬂ:2,...}
p p

There are many interesting and useful orthogonal sets of functions (on

appropriate intervals). What follows is readily extended to other such
(infinite) sets.
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Fourier Series on an interval (—p, p)

The set of functions {1, cos (””TX) ,sin (%) |n,m > 1} is orthogonal

on [—p, p]. Moreover, we have the properties

P P
/ cos <n7rx> dx=0 and / sin (mwx> dx =0 forall nnm>1,
—p P —-p P

P
/cos(mx sin(rrmx) dx=0 forall mn>1,
—p p p
<n7rx> Cos<m7rx> dx:{o’ m;én’
p p p, n=m
P
/ sin<mTX> sin<m7rx> dX:{O’ m#n.
—p p p p, n=m
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Fourier Series on an interval (—p, p)

The orthogonality relations provide for an expansion of a function f
defined on (—p, p) as

-3 X (e () v ()

Ly f(x)d
a = = X)ax
0 = 5 / )
an = / f(x) cos <> dx, and
p
b, = / f(x)sin (W) ax
P P

where
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Find the Fourier series of f

— X
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