November 15 Math 2306 sec. 51 Fall 2021

Section 17: Fourier Series: Trigonometric Series

Suppose the function f is piecewise continuous on the interval (—p, p)
for some p > 0. We wish to express f as a Fourier Series

f(x) = % + Z (an cos <W> + bpsin <rnrx>>
n=1 p p
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The Fourier Series of f(x) on (p, p)
For f defined on (—p, p),

f(x) = % + Z (an cos (W() + bpsin <W>>
n=1 p p

1 [P
a = / f(x) dx,

PJ-p
o
an = 1/ f(x) cos <W> dx, and
PJ-p p

o
by = 1/ f(x) sin (’W) dx
pJ)p p

Note: This the most general set of formulas. The case p = « is just an
example.

where
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The Fourier Series of f(x) on (—m, )

The Fourier series of the function f defined on (—=, 7) is given by

(o)
?0 z_: ap cos NX + bpsin nx) .

Where
a = 1/7T f(x) dx
o= 2/ ;
an = 1 / f(x)cosnx dx, and
™ —T
by = 1/ f(x) sin nx dx
™ —T
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Example
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We found the series f(x) = -3

+) 3((_1”)7:_1)sin(n7rx).

n=1
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Convergence?

The last example gave the series

f(x) = —% + 3((_1”)7:_1) sin(nmx).
n=1

This example raises an interesting question: The function f is not
continuous on the interval (—1, 1). However, each term in the Fourier
series, and any partial sum thereof, is obviously continuous. This
raises questions about properties (e.g. continuity) of the series. More
to the point, we may ask: what is the connection between f and its
Fourier series at the point of discontinuity?

This is the convergence issue mentioned earlier.
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Convergence of the Series

Theorem: If f is continuous at xo in (—p, p), then the series converges
to f(xp) at that point. If f has a jump discontinuity at the point xp in
(—p, p), then the series converges in the mean to the average value

2 2

0

f(xo—) + f(Xo+) def 1( lim f(x)+ lim f(x))

at that point.

Periodic Extension:
The series is also defined for x outside of the original domain (—p, p).
The extension to all real numbers is 2p-periodic.
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Convergence of the Series

(1, —1<x<0 1 &B((-1)"-1)
f(X)—{ 72’ 0< x<1 ’ f(X)—_§+;TSIn(n7TX).
UK
U——

Figure: Plot of the infinite sum, the limit for the Fourier series of f.
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Convergence of the Series

1, -1 0 1 =3((=1)"—1) .
f(X)={2’ 0o xoq f(x):—2+z1((n)7r)sm(mrx).

-

Figure: Plot of the infinite sum, the limit for the Fourier series of f.
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The p-series Z

Let f(x) = x2 for -7 < x < m. With a little effort, it can be shown that f
has the Fourier series

cos(nx).

2 -

N

-

_7;2_:

Figure: Series for f(x) = x2, —m < x < 7 showing periodic extension.

November 15, 2021 9/69



The p-series Z )

, s = 4(=1)"
Let's label this series S(x). S(x) = §+Z 5~ cos(nx).

n=1
L——Q)( ‘S e\;@\@ln-& g (_TVB

= U&(\J
Sy - T+ Z Cos(md

S =i
bo

e e 2 Wil ()
n< |

Zn - N

Cos (vT)= (1) ) (');\G))ﬂ = Lo Q’)) )-1
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Find the Fourier Series for f(x) = x, —1 < x < 1

w
(?: i ﬁ__\;)(_ - nex \\>< = nNTX
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. o]
@(X\—. Qo V\Z:(.O“ Co’("‘w)()*\ong“’\(““X)

Tind o's % bs .

Gof—\T S‘_C(X\Ax-— gxéy - 2%\-_—;——_7—_0

\ | § Cos (awx) dx
a“ b —\_ XA'\(Y) a}(‘/\ﬁx\ A)( = N X 5 (W
-1\ .
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\vdc \'7 famkf 'S di - éx

aV = Cos(vmx\ix 5 \,::\FS.-I\(J\TVX)

Q= %;\Q-m(mﬂ\‘ = ST}? S (amoe) dx

-\ -\
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\
\b,, - '\’“ S (—\{x) §‘,,\(v\—\f><) Ax
-

\ bt 5\9 G)O—kr
= S X S‘ux(vmx.\;)o

-\

=X, éu\ = x
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Symmetry

Forf(x)=x, —-1<x<1

n+1

i 2(= sin(nmx)

n=1

Observation: f is an odd function. It is not surprising then that there
are no nonzero constant or cosine terms (which have even symmetry)
in the Fourier series for f.

The following plots show f, f plotted along with some partial sums of

the series, and f along with a partial sum of its series extended outside
of the original domain (—1,1).
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Figure: Plot of f(x) = x for —1 < x < 1
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Figure: Plot of f(x) = x for —1 < x < 1 with two terms of the Fourier series.
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Figure: Plot of f(x) = x for —1 < x < 1 with 10 terms of the Fourier series
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S = Z r:r] sin{nx)

Figure: Plot of f(x) = x for —1 < x < 1 with the Fourier series plotted on
(—3,3). Note that the series repeats the profile every 2 units. At the jumps,
the series convergesto (-1 +1)/2 =0.
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Figure: Plot of f(x) = x for —1 < x < 1 with the Fourier series plotted on
(—3,3). Note that the series repeats the profile every 2 units. At the jumps,

the series convergesto (-1 +1)/2 =0.
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Section 18: Sine and Cosine Series

Functions with Symmetry

Recall some definitions:

Suppose f is defined on an interval containing x and —x.

If f(—x) = f(x) for all x, then f is said to be even.

If f(—x) = —f(x) for all x, then f is said to be odd.

For example, f(x) = x" is even if nis even and is odd if nis odd. The
trigonometric function g(x) = cos x is even, and h(x) = sin x is odd.
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Integrals on symmetric intervals

If f is an even function on (—p, p), then

P p
/ f(x) dx:2/ f(x) dx.
—p 0 /\\/\
— |

If f is an odd function on (—p, p), then

p
/ f(x)dx = 0. \/\
_p o
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Products of Even and Odd functions

Even x Even = Even,
and
Odd x Odd = Even.
While
Even x Odd = 0Odd.

So, suppose f is even on (—p, p). This tells us that f(x) cos(nx) is
even for all nand f(x) sin(nx) is odd for all n.

And, if f is odd on (—p, p). This tells us that f(x) sin(nx) is even for all
nand f(x) cos(nx) is odd for all n
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Fourier Series of an Even Function

If f is even on (—p, p), then the Fourier series of f has only constant
and cosine terms. Moreover

f(x) = 2°+Zancos( )

where

_72 pf a,
dg = X)ax

and
D
= 2/ f(x) cos (mTX> ax.
P Jo P
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Fourier Series of an Odd Function

If fis odd on (—p, p), then the Fourier series of f has only sine terms.
Moreover

f(x) = ni; bpsin <””px>

where

2 [P n
by — P/o F(x) sin (?) dix.
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