November 17 Math 2306 sec. 51 Spring 2023

Section 16: Laplace Transforms of Derivatives and IVPs
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Figure: We'll use the Laplace transform as a tool for solving certain IVPs and
systems of IVPs. Our use will be restricted to IVPs with constant
coefficients and initial conditions given at t = 0.
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The Laplace Transform of Derivatives

For y = yft) defined on [0, c0) having derivatives y’, y” and so

forth, if Z{y(t)} = Y(s), then
2{%} = V@-»0
2
2{%} = #9-90-y0

s"Y(s) = 8" 'y(0) = s"?y'(0) - --- =y (0).

)
{94} = V9 -0 -0 -y 0
)
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Solving and IVP

Use the Laplace transform to solve the initial value problem.

y'—6y'+8y=t y0)=1, y'(0)=2

We set Y(s) = Z{y(t)} and took the Laplace transform of both sides
of the ODE. Using the results for the derivatives, this gives

$2Y(s) — sy(0) — y'(0) + 6 (sY(s) — y(0)) + 8Y(s) = 512

We substituted in the initial conditions, y(0) = 1 and y’(0) = 2, and
used algebra to isolate Y(s). We had

’
(32—63+8)Y(s):s—4+?.
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Solving and IVP

Use the Laplace transform to solve the initial value problem.

y'—6y'+8y=t y(0)=1, y'(0)=2

]
(52—63+8)Y(s):s—4+?

The coefficient of Y at this step is the characteristic polynomial of
the original ODE. This will ALWAYS happen. What we end up with is

|
s—4 32

V(&) =2 658 5 6558

To finish the solution process, we have to take the inverse transform

y(t) =27{Y(s)}.
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Use Laplace Transforms to Solve and IVP

o Start with constant coefficient IVP with IC at t = 0. For
example?

ay" +by' +cy=9(t), y(0)=yo, Y'(0)=yp.

Let Y(s) = Z{y(t)} and take the transform of both sides of
the ODE using any necessary results.

Sub in the initial conditions where they appear in the
transformed equation.

Use basic algebra to isolate the transform Y(s).

Using whatever algebra or function identities that are
needed, take the inverse transform to obtain the solution

y(t) =27 {Y(s)}.

2The IVP can be of any order.
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Input & State Responses
Note that our solution has the basic format
Q(s) | G(s)
)= (s) " Pls)
where Q is a polynomial with coefficients determined by the initial conditions,
G is the Laplace transform of g(t) and P is the characteristic polynomial of
the original equation. The solution y consists of two corresponding terms.

Zero Input Response

_1 [ Q(s) . .
1
{P (s) } is called the zero input response,

and

Zero State Response

-1 {G(S)} is called the zero state response.

P(s)
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Input & State Responses
The zero input and zero state responses are related to the complementary
and particular solutions, but they are not quite the same since they are
related to initial value problems as opposed to simply the differential equation.

Zero Input Response

The zero input response satisfies the initial value problem with homo-
geneous differential equation and nonhomogeneous initial conditions,

ay’ +by' +cy=0, y(0)=y, y(0)=yp.

Zero State Response

The zero state response satisfies the initial value problem with nonho-
mogeneous differential equation and homogeneous initial conditions,

ay” +by' +cy=9(t), y(0)=0, y'(0)=0.
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An IVP with Piecewise Input

One of the most powerful uses of the Laplace transform is in applications that
involve a piecewise defined forcing function. Let’s look at an example.

An LR-series circuit has inductance L = 1h, resistance R = 1092, and implied
voltage E(t) whose graph is given below. If the initial current i(0) = 0, find the
current i(t) in the circuit.
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Figure: A switch is closed for two seconds from t = 1 until t = 3 during which a

constant £, volts is applied. November 15, 2023 16/53
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An IVP with Piecewise Input
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Figure: L% + Ri = E(t), i(0) = 0 where L =1, R =10 and E(t) is shown.
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o)

_ = Eo ~to(t-1)
ol = 2 - e )
Eo

_

It's a simple exercise to show that this function is continuous
[0, infinity).

~ o (£-3) Eo ~lo(t-1)
s - 7o J
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