November 21 Math 3260 sec. 51 Fall 2025

6.1 The Determinant

The determinant is a function that assigns a real numberto an n x n
matrix. We’'ll use the notation det(A) to denote the determinant of the
square matrix A.

> If A=[a]is 1 x 1, then det(A) = a.

a b
>IfA[C d

» If Ais n x n,then Ajis the (n— 1) x (n — 1) matrix obtained from A by
removing the i row and j column.

] is 2 x 2, then det(A) = ad — bc.

» For nx nmatrix A, with n > 2, det(A) can be computed by cofactor
expansion across the i row or down the ;% column.

n n

det(A) = > (—1)"aydet(Ay) = Y (—1)"aj det(A)).

=1 i=1
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Triangular Matrices

Triangular matrices have all zero entries below the main diagonal (upper triangular) or
above the main diagonal (lower triangular) or both (diagonal).

a1 a2 as aip a1 0 o --- 0
0 an as -+ ap a1 a2 0 -~ 0
0 0 am - as a3y asxp aa - 0
0 0 0 - am ant  @n2 apz - am

lower triangula

upper triangular

A matrix that is both upper triangular and lower triangular is called a diagonal matrix

ai 0 0 °00 0
0 aoo 0 0
0 0 assy - 0
0 0 0 - am

diagonal matrix
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Let A be an n x n matrix.
1. If 0, is a row vector or a column vector of A, then det(A) = 0.
2. det(AT) = det(A).

3. If Ais atriangular matrix (upper, lower or diagonal), the det(A) is
the product of the diagonal entries

det(A) = a11das2 - - - ann

refs are upper triangular. Unfortunately, it is NOT true that a matrix A has the
same determinant as some ref(A) or rref(A). But, we do know how each row
operation affects a determinant. So, we can find det(A) using rref(A) if we
know all the row operations used to obtain rref(A).
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Row Operations

Suppose A is an n x n matrix.

> If Bis obtained from A by performing one row scaling, kR; — R;,
then det(B) = k det(A).

> If B is obtained from A by performing one row swap, R; «+ R;,
then det(B) = — det(A).

> If Bis obtained from A by performing one row replacement,
kR; + R; — R;, then det(B) = det(A).

\.

If Aand B are n x n matrices, then

det(AB) = det(A) det(B)
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Examples
Find the products AB and BA where A = [ 5 1 } , and

o2 1]
A (30000 (25)
sa - [20)E0) (57
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5 —1 2 1 10 3 13
A‘{s 1}’3_{0 2}"48_[65]’8'4_{6
Find det(A), det(B), det(AB) and det(BA).

Lot (A - S-3Cnh =8

Ak (6= QA(2) - o) =M

1o(s) _ () = SO- 1%-32

ek (ABN=

Lk (gAY .= 3(3)- L) - +b =372

LCAY Ak(B)= g(u)y =372
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Let Abe an n x n matrix. Then Ais invertible if and only if

det(A) # 0.

Remark 1: This can be used as a test for invertibility. It's quick for 2 x 2 or
maybe even 3 x 3. It's not very practical for larger matrices.

Remark 2: Each row operation changes the determinant by a factor of
» k # 0 for scaling,
» —1 for a row swap,
» 1 (i.e., no change) for a replacement.

So det(A) = (some nonzero number) det(rref(A)). If Ais invertible, then

rref(A) = I, and det(rref(A)) = 1. If Ais not invertible, then rref(A) has at least
one row of all zero, in which case det(rref(A)) = 0.
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Example

Suppose A is an invertible n x n matrix. Show that
det(A1) = (det(A)) .

dx(TD) - 4 -
AA\ = 1"\ :
A (ANT) = AT -4
WIEN AX(AD =1 sma AX(AY3O
(A = Tt
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6.2 Eigenvalues & Eigenvectors

Let A be an n x n matrix. An eigenvalue of A is a scalar A for
which there exists a nonzero vector X such that

AX = \X. (1)

For a given eigenvalue )\, a nonzero vector X satisfying equa-
tion (1) is called an eigenvector corresponding to the eigenvalue
A

Remark 1: Note that eigenvectors are, by definition, nonzero vectors.

Remark 2: Eigenvalues are not restricted and can be positive,
negative or zero.
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A |9 —1
Example.A_[3 1}

Show that X = (1, 1) is an eigenvector of A by finding an eigenvalue A

such that AX = \X.

A3 - L]“ L3
: = a0

=Y <\)D
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Finding Eigenvalues & Eigenvectors

We saw earlier that if we know that A = 2 is an eigenvalue of
A= { g _1 ] , we can find the associated eigenvectors X =t (3,1),
t#0.

We also found that if we know that X = (1, 1) is an eigenvector of A, we
can use the same equation, AX = )X, to find the eigenvalue \ = 4.

Questions:

» How do we find them without knowing any X values or vectors up
front?

» Does a matrix A always have eigenvalues and eigenvectors?
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No Eigenvalues or Eigenvectors

éz -
As- 8 Asso 8y
0 :-91
Figure: The matrix Asse = % { 1 1 ] rotates each vector 45° counterclockwise.

Question: Could As5.X = A\X for any nonzero vector X and some
number \? .
A s perallol o X

- 2
AWS' i( Cew X. \9&_ ()O\/\_O\LQQ 'L-‘ 9( , M\‘ \9
ot & e ons U \u,’( een ‘\’\1\&/\_
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The Characteristic Equation

How do we actually find these numbers and vectors? We actually start

by finding the eigenvalues. Let’s derive a way to find A such that
AX = \X B
Gse Ta¥ =X AR 2 AR

— AY 7\ " )( O\/\

({_\_A—I,\>’—))(: O‘A e Vzed VLN
T A—X—EV\ s s

AR
AY'S

So luansng,
mver Y le . Ul rgqoyTes

dX(A->Ta) =0
Qﬁ\.)&\"\"\ 'COJ‘ /\.

A N ca\w \’c\\J-Cé
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Let A be an n x n matrix. The function

Pa()) = det(A — Alp)

is called the characteristic polynomial of the matrix A. The
equation
Pa(A\) =0, ie., det(A—Xp)=0

is called the characteristic equation of the matrix A.

A the name suggests, P4() is always a polynomial in \. The degree
matches the size of the matrix, n, and the leading coefficientis 1 if nis
even and —1 if nis odd.
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Example

4 3 -1
Find the characteristic polynomial of A = { 12 2 }

0 0 -3
dox (A-> 3
4y 3 -\ Lt oo
1 . - | 2 2 ,_>\ o\ O
A-> s &O o -3 © o\
,3 _J\ >\ o (@]
_’ L(‘ . B [O)” o
o o X
o o0 -3
u-x 3 |
= \ 1—.>\ 2
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dx(A->T3) = 40 z\/k(f\i} OA’O\( l)

- 2
+ (-3~ W&

(- 3= L(u»\\ (==~ (33]
< () [8-exe X -3)
(X (K- ex )

- (3en) (-5 ()
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Let A be an nx nmatrix, and let P4()\) be the characteristic polynomial
of A. The number ) is an eigenvalue of Aif and only if P4(Ao) = 0. That
is, Ao is an eigenvalue of A if and only if it is a root of the characteristic
equation det(A — Alp) = 0.

Finding the eigenvalues can be challenging if A is a large matrix (high degree
polynomial). Once an eigenvalue is known, we can find eigenvectors by
solving the homogeneous equation

(A— X)X =0,
using row reduction. This means that the eigenvectors are the nonzero

vectors in N'(A — Alp).
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4 3 —1
Example a= |1 2 2

0 0 -3
The characteristic polynomial was

Pa(A) = —(B+ AN)(A=5)(A—1) = =23 +3X2 + 131 — 15.
Find an eigenvector for each eigenvalue.
_ = O
(N0 o - (3+>)(>—$ M1
-3 nvS, AsT

Nows, e sole (/5\ ST )_5(1-)
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