November 5 Math 3260 sec. 51 Fall 2025

4.6 General Vector Spaces

We defined a general real vector space and various concepts
including

> linear combination and span,

» linear dependence/independence,
» subspaces, and

> bases.

We also saw some examples of vector spaces such as

R". Mpmxn, F(D), and R*
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A real vector space is a set, V, of objects called vectors together with two
operations called vector addition and scalar multiplication that satisfy the
following axioms: For each vector X, y, and Z in V and for any scalars, ¢ and d

the sum X + yisin V, and

the scalar multiple cX is in V.

X+ty=y+X

R+P)+Z2=X+(F+2),

There is an additive identity vector in V called the zero vector denoted
Oy, such that X + 0y = X for every X in V,

o p 0 Dd o~

6. For each vector X in y there is an additive inverse vector denoted —X
such that —X + X = 0y.

7. ¢(X+7)=cX+cy,

8. (c+ d)X = cX + dX,

9. ¢(dX) = (cd)X = d(cX), and
10. 1X =X.
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Let V be a real vector space. A subspace of V is a nonempty
set, S, of vectors in V such that

» forevery Xand yin S, X+ yisin S, and

» for each X in S and scalar ¢, cxXisin S.

\.

\.

Remark: A subspace of a vector space must contain the zero vector
Oy. And a span is always a subspace.

Let S be a subspace of a vector space V, andlet B = {Vy,..., Vx}
be a subset of vectors in S. B is a basis of S provided

» Span(B) =S

» J3is linearly independent.
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Example
Consider the subset T of M>.2 given by

T:{[i_ﬁ})a&ceﬂ}

Show that T is a subspace’ of My,».
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"There is a special name for these matrices. They're called trace free matrices.

The trace of a square matrix is the sum of its diagonal entries.
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T_{[i _Z} ‘a,b,cel—?}

Show that the set B = { [
for T
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It can be proved that if a subspace S of a vector space V has a basis with k
vectors in it (1 < k < oo) then every basis of S has exactly k vectors in it.

Let S be a subspace of a vector space V. We define the dimension of
S as follows:
> If S = {0y}, then we define dim(S) = 0.

> If S has a basis consisting of k vectors, where k < oo, then we
define dim(S) = k.

> If Sis not spanned by any finite set of vectors, then we say that S
is infinite dimensional.

\.

The spaces R>° and F(D) are examples of infinite dimensional vectors
spaces. Bases for such vector spaces are known to exist but are not
particularly useful. We can readily construct finite dimensional subspaces of
infinite dimensional vector spaces.
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T_{[i _2} ’a,b,cel—?}

Wesaw’[hatB:{[1 O],[O 1],[0 0HisabasisforT.lt

0 -1 00 1 0
follows that
. B <S
dim(T)=__ 3 o -
%4 O
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Example Ma»

The set £ = {E11 s E12)E21 , E22} is a basis for ngg

10 0 1
E11=[0 0]7 E12={0 0]7

00 00
521—[1 0], Ezz—[o 1]-

(Proof is left as an exercise.)

It follows that dim (Mayz) =\ -~
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Coordinate Vectors

Suppose that V is a vector space and suppose that S is a finite dimen-
sional subspace of V. Suppose that B = {Vi,..., Vk} is an ordered
basis for S. Then the (unique) vector

[)_(']B: <C17C27"'7Ck> € Rk

such that
X =C1Vi + CoVo + - - + Ci Vi

is called the coordinate vector of X with respect to the ordered basis
B.

Remark 1: Note that regardless of what sorts of objects the vectors in S are,
the coordinate vectors are vectors in R. They’re real k-tuples!

Remark 2: We'll talk about using coordinate vectors more in Section 4.8.
Now, we go back to examples from Section 4.7.
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Example
Consider the subspace T of M. of trace-free matrices, and consider the

orderedbasisBTforT,whereBT:{{g) _?},[8 8],{? 8}}

1. Find[A]BTifA:[i g] ST PO S G R PR I

(A Ceocnead  [Adg = (3,240

2 Find[B], ifB=| 2> O .

: s8] 1 5| [8)g = (5,0,-\7
3. Findavector Cin T if [C]5 = (1,7,6),

C -1 IL-‘?}Jr ? [f;)“’[?:} ’ [\6 ’T}
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[Als, = (-3,2,4), [Blg, = (5,0,—1)
1. Show that [A + Bl = [Al. + [Bls,-
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The following lemmas appear in section 4.8

Lemma

Suppose that S'is a subspace of a vector space V and B = {v, ..., Vk}
is an ordered basis of S. If X and y are any two vectors in S and c is
any scalar then

1. [X+¥]g = [X]z + [V]z and
2. [cX]gz = c[X]s-

Lemma

Suppose S is a subspace of a vector space V and B = {v,..., V}
is an ordered basis of S. Then 6\/ is the only vector in S that has
coordinate vector 6k. In other words, the following statement holds for
all vectors X € S:

[¥]5 = Ok if and only if X = Oy.
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Section 4.7.4.2 Function Spaces C"(/)

Infinite Dimensional Subspaces of F(/)
Let / be an interval in R. The set

c"(1)
is the set of all functions f : | — R that are n times continuously
differentiable on /.
» CO(/) contains functions that are continuous on /.

» C'(/) contains functions that have a continuous derivative on /.

» C2(/) contains functions that have a continuous first and second
derivatives on /...

The set C*>°(/) contains functions with continuous derivatives of all
orders on /. Some common examples from C*>°(R) include

tan '(x), sin(x), €~

all polynomials, etc .
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Example
Consider the set B, = {1, x, x?} in C*>°(R). Show that B; is a basis for
Span(B>).

P £oax, Fooo=x"
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x=0 Y e comes
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2|t can be shown that for n > 1 the set {1, x, x2,..., x"} is linearly independent in
C>(R).
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