November 7 Math 2306 sec. 51 Fall 2022

Section 16: Laplace Transforms of Derivatives and IVPs

Suppose f has a Laplace transform', Z{f(t)} = F(s), and that f is
differentiable on [0, o). Obtain an expression for the Laplace tranform
of f/(t) using integration by parts to get

2{f(1) = /Oooe‘Stf’(t)dt
- —f(0)+s/0°o e~Sti(t) it

= sF(s)— f(0).

"Assume f is of exponential order ¢ for some c.
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2{r"0)} = sz {f(t)} -1 (0)
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Transforms of Derivatives
For y = y(t) defined on [0, c0) having derivatives y’, y” and so forth, if

Z{y()} = Y(s),

then
2{%} = V9 -0,
2{ _ Y(s) — sy(0) — y'(0),
& = s%Y(s) - s°y(0) — sy'(0) — y"(0),

= s"Y(s) = s"y(0) — s"2y'(0) — -~ — y""1(0).
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Laplace Transforms and IVPs

For constants a, b, and c, take the Laplace transform of both sides of
the equation and isolate Z{y(t)} = Y(s).

ay"+by' +cy=9(t), y0)=yo, y(0)=y
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)
QSLY(S) - 50\3(& oakg (oY « \DS\Y)(S3 - \oy(o\, + CKT’(@, = G)(g)

y(0)=yo, Y'(0)=w

Suls ia ‘\’Qm« IC_ a~d \edate k'efs\

03 T) -SG Y, -0y, « S Vsy - oy « CYsy - G

(as®+~bs ) kI)(s\ - sAy, - av), oy, = GG

(ast< bs+c) sy - Say.xay, + oy, * Gl

ay” + by’ +cy = g(t),
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Solving IVPs

Apply Laplace
/ Solution

y(t)

(obtained unknown
from ¥(s)) Y(s) /
Solution
Y(s)
Take Inverse Laplace (
Transtform

obtained
by
algebra)

/
Figure: We use the Laplace transform to turn our DE into an algebraic
equation. Solve this transformed equation, and then transform back.
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General Form

We get
Q(s) , G(s)
Y(s) =
9= B " P(s)
where Q is a polynomial with coefficients determined by the initial
conditions, G is the Laplace transform of g(t) and P is the
characteristic polynomial of the original equation.

z1 { ggzg } is called the zero input response,

7 { ggzi } is called the zero state response.
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Solve the IVP using the Laplace Transform

y'+7y'+12y =e7' y(0)=2, y'(0)=-6
Take & & b stk | Lo Yo - 2 Ly

i(\g”%‘ \7;\] f{ety =
CORORE T & N PACE 3 I S
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S?.k‘)(@ - Sy _91(0\*1 (5%(53_ \o(s\> 4\ ch S

S - A5 + b+ Fssd - 14+ 12 Do) = ey
lsslete Yo

\
(S+ Fs+ 1) - as - 8 = o\
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F\V\Q —\'ovu ZD
Yo = i\{Vm\}
= sﬂj’f’ i[SHSj Sf {sw\}

y'+7y'+12y = 7!
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Unit Impulse
Consider the piecewise constant, rectangular function

1
_ e ‘t’<€
&m_{q It > e

1/(2g) L

/_: B.(f) dt — 1

S

Figure: For every e > 0, the integral of R, over the real line is 1.
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Unit Impulse

We can plot R, for various values of € and see that as ¢ gets smaller,

the rectangle gets narrow and tall. But the area of the rectangle is kept
constant at 1.

Do

[ =oenov -1

- Do
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Unit Impulse

The Dirac delta function, denoted by §(-), models a strong
instantaneous force. One way to define this function is as the limit

(1) = lim R(1)

This is not a function in the usual sense, but it has several properties.
(oo}
> / o(t — a) dt = 1 for any real number a.
—o00

> / o(t — a)f(t) dt = f(a) if ais in the domain of the function f.

> Z{§(t— a)} = e % for any constant a > 0.

Remark: This is an example of what is called a generalized function, generalized

functional, or distribution. In this context, it can be thought of as the derivative of the
Heaviside step function. That is, for any a > 0

dU’ —
a//(t—a)_é(t—a).
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