November 8 Math 2306 sec. 51 Fall 2021

Section 16: Laplace Transforms of Derivatives and IVPs

We can solve a system of ODEs using Laplace transforms. Here, we'll
consider systems that are

> linear,
» having initial conditions at t = 0, and

» constant coefficient.

Let’s see it in action (i.e. with a couple of examples).
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Example

Solve the system of equations

CZ;; = —2x—-2y+60, x(0)=0
c(;}; = —2x-5y+60, y(0)=0

Lt Xo= L {x®bYy ot Qo= L{yWw]

Take drans form of bl oDC

L{x'Y = ;ﬁ[-zx—znggo};

'y o (2w -Sy v 68)
L{gT = <& .
SX(S)—)((&\ = _ZX(;S)- é{ke(.s) + =
ST - wiey = —RX© - B Ve * %
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Example Continued...’
Pl Al X P ks oo e lefF

sX +2X ¢« 29 = (553
sY+2X +58Y = &
bo \
(S-(»Z)X""Zke: < USTV\-s Crannvner s
(o]
a X + G+ = 5 Cule

! : will be helpful at some point.
November 1, 2021 3/17



AX (A) = (s)(s+5)-Y = s'+Fs+10-Y= s%Is+(

= G+ O+

JJ(AXB = _—(S+’5)~ ‘7 = —*-(S-\—‘:') Z} 5(34—3)

AX(AH,) = (5_.,.13(5_%9__3(%0_ - %(34_2—1,) - _§Qs A
Nw- B ol
(g+Q(s#l) S (s+ed(s+)
ove
60
\\3(33

S+ (93(5-1—\)

Pecvial  (radaien clec@f\—»@)’ Owe Ped \jired o
ave M | in uesc dvons Lons
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60 (543D A g L C
S(s#%) (sv) s« G S+

6O(s+3) = A+ s+ )+ Bs ()Y Cs(s+

Sk S=0 C;C\(_&I)= ALY = A~ 60(3) = 320
3
s=-b go(=3) = BEW(-S) Ts—‘foz(l)) - -6

S=1 PR = Cen(s) = ¢ @2 - oy

So 30 b M VY e
_ - = - = \
Xe)= 5 7 sele | s+ Ner™
S
Yoy = —2 -
¥\ S+ 06
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T}\{’ sg\ws('lb«\ ' AV \\l P

- - bt -€
X(_E)__ % {X(@}: 30"@@ - qu

-\ _t -6t
Y= P {Wey = \2e - \2€

X ly= 3° - C:e—(ak—z\*ée
Lk
gl = 128" - 1€
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Example

Use the Laplace transform to solve the system of equations

X"ty =y, x(0)

1, X'(0)=0
1

| )((s):d){rx({:) ov e ‘e(ﬂf f‘(g(&)ﬁ

POy = 2 )
{yd - £ {x}
Y - sxin - X (8 = N ()

s -y = X.(s)
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X -8 = ‘*\) *X - s
: =
gy -2 =X X +sY = 4

i\

(AS&A 0?%3 Cfonmv\.q_(ly (\\,.(LQ
NG I ) & s
ST S D N W |

Sx(m= - Ak (Ay)s S

2 z
\AQ\hu X(@__ &‘(‘\ K\) _ S+S
=
33‘\ / S_b._\

Ddle S’)-\ = (S-\B(S‘L—& S\ 5 St SH\ IS TreeQ VoD
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X(\S) ‘S__Z—k\f—- - A - @S—l—c,

(s-0(s+s) S- 1 e €
ste s > | ts<F
MO ——a % e- g

(=St Stst)

O\'&—\Q,\ SO wta(L.,

>< - '%% ?% kg‘-|\
S -1 g %< |
O e N 5 (s+2)
) S-A S s+ )
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3({.4\

s € %< |

\? = iL o (s+2)

=4 SEh s+« )

et g*’):h vty Whi Mok S 1S

sS-)\ = s+ '3Z
| 3
S+ 2 = <+ _17_’ + 2
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Z/3 S*‘t A —3— \

2 .L_ _— = ~ s
<, * 3 (S+\]\)-L‘\’ (%) 3 (S—e):\.)l"(&:‘z')
2|z S+% \
L 2t L (2
- + 35 -~ ¥ =)
S Y Gy ) e

we\\ Frily megt Yaa
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Crammer’s Rule

Crammer’s Rule is a method to solve an algebraic linear system of the
form

ax + by
cx + ay

~

Define the following matrices

ab e b a e
A:[C d}, sz[f d}, and Ay_[c f]

If det(A) # 0, then the system is uniquely solvable and the solution

_ det(Ay) _ det(Ay)
X= Get(a) 2 Y= det(Ay)'
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Crammer’s Rule 3 x 3 case

anX + apgy + aiZ
as1X + azy + a3z
az1X + aspy + azs3z

Let

a1 ap a3 |, Ax =
ds1 ds2 ass

ann by as
Ay=| a1 by ax |, Ay =
azt by ass

If det(A) # 0, then the solution to the system

_ det(Ay) _ det(Ay)
X= et VT der(a) 2

{311 a2 a | [

aty
ao1
asq

by
b>
b3

a2 ais
dgo  aps
az2 as3 |

a2 by |
ap bo

asy bs |

S det(A;)

det(A)
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