October 14 Math 2306 sec. 53 Fall 2024

Section 10: Variation of Parameters

We are still considering nonhomogeneous, linear ODEs. Consider
equations of the form

y'+y=tanx, or x%y"+xy —4y= e~

Question: Can the method of undetermined coefficients be used to
find a particular solution for either of these nonhomogeneous ODEs?
(Why/why not?) )
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Variation of Parameters

d?y dy

W‘FP(X)J"‘Q(X)Y—Q(X) (1)
For the equation (1) in standard form suppose {y1(x), y2(x)}is a
fundamental solution set for the associated homogeneous equation.

We seek a particular solution of the form

Yp(X) = u1(x)y1(x) + uz(x)y2(x)
where uy and u» are functions we will determine (in terms of y4, y» and
9)- Yc= CLy6a= G 9ol |, Cr, % Crafln s
This method is called variation of parameters.
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Variation of Parameters: Derivation of y,

y'+ P(x)y' + Q(x)y = g(x)
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Set  yp = ur(X)y1(X)+U2(x)y2(x) .
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Remember that y/' + P(x)yj + Q(x)y; =0, fori=1,2
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Variation of Parameters

y'+ P(x)y' + Q(x)y = g(x)

If {y1,y2} is a fundamental solution set for the associated homo-
geneous equation, then the general solution is

Y=Yc+Yyp where

Ye = Ciy1(X) + Caya(X), and  yp = ur(X)y1(x) + U2(x)y2(x).

Letting W denote the Wronskian of y; and y», the functions uy
and u» are given by the formulas

u1:/_yvsgdx, and uzz/y1ngx.




Solve the IVP

X2y +xy' —4y =8x%, y(1)=0, y'(1)=0

The complementary solution of the ODE is y, = ¢1x? + cox 2.
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U1:/_yvsgdx, and U2=/y1ngx.
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Yy (1) = K )+ v, () 2%y = O
k,+ ke =0

g‘(\):zu\m-zvz(\")mm»hx +2 =0
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Two Notes:If we didn't collect like terms before
applying the IC, we'd get the same result (we'd

findc ,=0andc ,=1/2). Also, when doing homework,
if your answer is different from the back,

but only because you have an added term(s) that

is part of y «» your answer is also correct.



