October 15 Math 3260 sec. 53 Fall 2025

4.2 Subspaces of R"

A subset of R” is just some collection of vectors in R". We can come up with
tons of examples of subsets:

» B={6;,6:} in R?is a subset containing the two vectors (1,0) and
(0,1).

> The set W = {(a,b,0) | a, b € R} is the subset of R® of all vectors whose
last entry is zero.

» The set T = {(k,n) | k,n c Z} is the subset of R? of all vectors having
integer entries.

» The set P = Span{(1,0,1,0)} is the subset of R* of all scalar multiples
of (1,0,1,0).
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4.2 Subspaces of R"
Not all subsets are created equal. Recall that we have two critical operations
in R":

> vector addition and

» scalar multiplication.

Subsets of R" that hold a special sort of importance in Linear Algebra are
sets that in some sense preserve these two operations. Such sets are similar
to R" in that we can do arithmetic (i.e., use these operations) with vectors in
the set and still get vectors in the set.

A set is called empty if it doesn’t actually contain anything. For example

Let M be the set of all nonzero vectors in R? that are both parallel to and orthogonal
to the vector (1,1).

M is the empty set, “M = (", because no vector satisfies the condition to be in it. Saying a set is
nonempty just means that there is something in the set.
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Definition: Subspace of R"

A subset, S, of R" is a subspace of R" provided
i. Sis nonempty,
ii. for any pair of vectors dand vin S, i+ visin S, and
iii. for any vector g in S and scalar cin R, cuisin S.

A set that satisfies property
ii. is said to be closed with respect to vector addition.
iii. is said to be closed with respect to scalar multiplication.

The phrase “with respect to” can be repaced with the word “under”.
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Example: V = {(a,b) | a,bc Rand ab > 0} .

Which of the following vectors is in V?
A (2,3) o=, =3 oo =6 2

0. (4,-2) a=4, b=z ab="B L0

J3. (=5,—2) a=-S, W72 ab= (07,0

/4. (0,0) o> =070

V5. (—-12,0)
¥ 6. (—6,8)

In the standard, Cartesian coordinate system, a vector in V would have to
have standard representation in which quadrant(s)? (I, II, lll, or IV)

_m (oorJ\Aa\e- axesr ore 'u\\j. \/ cgf\—\—a-'\-l\f
Nedoor - f—l‘gakramkf T o4 I,
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V={ahb)|abecRandab>0}.

Suppose (a, b) is in V. Is the scalar multiple c(a, b) in V is

1. ¢>0? clax>: (co,ce>
Cead CC\O) = C_LG\.O > 0 = C(o_lbj LESENTEN \/
g\

o

2 c<0? cla>=lca, P

(C‘c\\((\o\) - C}a\: 7,0 CLO\

3- C:O? |‘p C—..OJ C(A,\o>‘: QO)()) w\'\-'\c\_ w -\"\/'
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V={ahb)|abecRandab>0}.

The following vectors are all in V:

;1 = <2a 3>7 ?3 = <O7 0>7 )_(’5 = <_57 _2>7
)?2 = <1a1>a 24 = <_17_1>a )?6 = <_670>a
Which of the following sums are in V?
J

)?1 +)?2 =<‘3I'~47 \w\] Y3+}4 > <'|4’\7 e~

W

Xs + Xo = (-1),~2) N X1 +X = (-3, 17 ™ N

AV,

IW)(

L A N L
Xo+ Xg = (0,37 7 Xo+ X = (-5, 17
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V={ahb)|abecRandab>0}.
1. Is V a nonempty subset of R??
Yes (c,o) o d .4\1\7 e Ve C/l\"bU -‘m\/'

)

2. Is V closed under scalar multiplication?

Lr)ei , lp (O)\G? [ESITEN vV , C (G‘\o> [t U {'\'0(‘

o~y Scala, ¢,

3. Is V closed under vector addition?
No. Foe exomfle L2372 o3 (5
b (23>« (5,72

7> o= a \//
/\a’\" LV'\\!.

4. Is V a subspace of R2?

Neo. \J s rof C'bff_’ck w~de Ve O ché:\?\\bv\A
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V={(ab)|abeRandab>0}.

a+veVv

G+veV

Gvev 2

'
-4+ 3 -2 1 2 3 4 -4 ’:/;;/;k/? 1
- -1

Figure: V is closed under scalar multiplication (lower left), but it is not closed
under vector addition (lower right).
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Example
Determine whether the following set is a subspace of R®.

W = {(a,b,0) | abeR}.

Is W nonempty—i.e., are there any vectors in R® of the form (a, b, 0)
with a, b some real numbers?

7

“e s lo,0,07 £ i» W.

October 14, 2025 9/75



W = {(a, b,0) | a,be R}

Is W closed with respect to vector addition?

L_n,k: -EA o~ Ti/ \:2, S \vi . —T-L\JLV\ (V. <L C. ', L) o 6:)

NG _\3} = La1, \91J 07 Lor s Oy ez, \o\) by ta <.

[PV <Q\+ 0., lo+ b, o+ o0y = {a+a; bitb,, 6D

~md M

Qi+ Cq e b+ by o feol o bers
Pare d ek\.‘r\—_, of T €3 ¢ 2elo. Ss
ci + (j \S N A \/J

W s Closed  (mden Ue e cdd bon .
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W= {(a b,0)|abecR}

Is W closed with respect to scalar multiplication?
For = La.)\g‘jcj , DA c e oo scalos .

el = ( con, o, AGCEE CCO.) ce, o).

The Yhrd cndrg (f efo | S©

\WN S c\\j.pé vt 2 Scalec

3
W Ws o Sty speec ot .
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Observation

Note that for any vector X = (a, b, 0) in W,

X =(a,b,0) = a(1,0,0) + b(0,1,0).

So
X € Span{(1,0,0),(0,1,0)}.

Based on how span is defined, a set that is defined as a span is
closed under both vector addition and scalar multiplication.
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If S = {Vy, Vo,..., Vk} is any nonempty subset of vectors in R",
then the set Span(S) is a subspace of R".

Remark: If a set, say T = Span(S), is a span, we can call the set of
vectors—S in this case—a “spanning set”

This gives us two ways to check whether a subset is a subspace or to
verify that a subset is a subspace:

1. Use the definition (check that it is nonempty, closed under vector
addition, and closed under scalar multiplication). OR

2. Determine whether the set can be written as a span—e.g., look for
a spanning set.
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Example

Show that the set G defined below is a subspace of R* by finding a

spanning set.
G= {(a+b,a,—b,3a+2b) ‘ a,be R}

-]

L./Q}( —';( lu__ R 6 L/JQ/ L,J(»»‘\’ -\-5 wr\l\-e_ ){
Conn \,'lV\O-k’W‘QL_ 0(_ xFN_e; \/c,lé‘off

as

[eX QLMO:‘

N\X(\,‘ NI 5\,,\_€ coe C—(——'uckc»k‘g_
%= 40-«-\0) o, -b, Zoe 2l D

- rA>)
: (Q_’O\)O/30»7+ <b10>b1 7

C sk bF \o_s_\"'u

= oo\, 0,30+ b i,o0,-\, 2>
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gi\/\u O~) W Con \OJL 0""3 I\Q,ek /\u-—v\\w)

5)( € gFm {(\,\/0,37) <\/01-\/2’W§,
G o= Seen {(\,\, °0,3 7 é\JbJ_"_J?‘»}\

\(
C. G s o sl spac of .
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4.2.1 Fundamental Subspaces of a Matrix

We will define four subspaces, two of R™ and two of R", associated with an
m x n matrix. Collectively, we call these the Fundamental Subspaces of a
Matrix.

Column Space

Let A be an m x n matrix. The subspace of R™ spanned by the
column vectors of A, denoted

CS(A) = Span{Coly(A),...,Cols(A)},

is called the column space of A.

Remark: We can say

“CS(A) is the set of all vectors ¥ € R™ such that AX = y is consistent
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Let A be an m x n matrix. The subspace of R" spanned by the
row vectors of A, denoted

RS(A) = Span{Row1(A),...,Rown(A)},

is called the row space of A.

Remark: There is a geometric interpretation of RS(A), but it will make
more sense after we define another fundamental subspace.
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Example

0 3 1
4 7 5 . .

Let A= 5 _5 _3 | Identify a spanning set for RS(A) and a
5 4 2

spanning set for CS(A).

TL\Q_ recon SPoC \S AV IS get‘\a 0(" -\4\\ rowd
Ve ckocr Mwe  SeX Re Cow Je coes Cor e
e crocS Sa

Cn S¥ Cant Y S‘-Q,\C,

{Co3, >, (o, >0, (2,55,3), (s, .20)
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0 3 1

4 7 5
-2 -5 -3
5 —4 2

A SPenn AS cee Geor CS (AN ¢ m
w OQ C\\\.\.M \chro(c,

{ (o,q)-z)sﬁ, (?\?,-S,—\«W, L\,S,-?,"D}
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