October 17 Math 3260 sec. 53 Fall 2025

4.2.1 Fundamental Subspaces of a Matrix
We defined a subspace of R" as a honempty subset of R that is
> closed with respect to vector addition, and

> closed with respect to scalar multiplication.

If Sis a subspace of R", then 6n is an element of S.

Remark 1: This does mean that a set that does not contain 5,, cannot be a
subspace of R".

Remark 2: Careful! A set can contain 0, and still fail to be a subspace.
(Consider the example V from class last time.)

October 16, 2025 1/59



Column & Row Spaces of a Matrix

Column Space

Let Abe an m x n matrix. The subspace of R™ spanned by the column
vectors of A, denoted

CS(A) = Span{Col{(A),...,Cols(A)},

is called the column space of A.

Let A be an m x n matrix. The subspace of R"” spanned by the row
vectors of A, denoted

RS(A) = Span{Row(A),...,Rown(A)},

is called the row space of A.
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Example

Characterize the column and row spaces of the matrix A = [ ; (13 ] .

REAY = Spem 1 LD, /o, 7Y
= SPM—\ ‘{(\J\jx.

18 g s w0 RSAY Mew
Scoko\f‘ C\

Yo,y =l ey For Seme

This is all the 2-tuples with both entries
the same number.
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A=l o]
CS(AY= Qeea {107, RSN
. Spon L LLDT,

This is all 2-tuples with second entry zero.
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CS(A) & RS(A) of A = [

O —
o =
[

RS(A)

Figure: The row and column spaces of this matrix A are the lines x> = x; and

X2 = 0, respectively.

Word of Caution: This is just one example; don’t read too much into it. Row and
Columns Spaces are not always "lines.” In fact, if AX = y is always consistent,
CS(A) would be all of R™.
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A Third Fundamental Subspace

Definition: Null Space

Let Abe an m x n matrix. The null space of A, denoted N (A),
is the set of all solutions of the homogeneous equation AX = 0.

That is, _
N(A)={Xe€ R"|AX =0 }.

» For m x n matrix A, the product AX is only defined if X is in R".

> The null space contains all solutions of the homogeneous
equation AX = Op,.

> To say that i € N(A) means that Aii = 0.

October 16, 2025 6/59



N(A) = {¥ € R"| AX = 0,,} is the null space of m x n matrix A.

Let Abe an m x n matrix. Then NV(A) is a subspace of R".

Proof: Let Abe an m x n matrix. We have to show that (1) A/(A) is not

empty, (2) N(A) is closed under vector addition, and (3) A/(A) is closed under
scalar multiplication.

S'“r\ (&' )D\SZ < 6»«. a\wa\.ﬁj' QAW\X(\S 5\4/\& \-I“\I’\@g-

§n\\,‘\’\v\, —'5‘(: JO(AJ OA (¥ 1~ \}\{‘(A) NQ.\(_A.I\-}

}\[_(A\ ASK QW\KJ(‘}, TO SWe wo \A«_a,\- N(A)
¢ closed Lrden botn operelens Lk Toemd
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Example

Find a spanning set for N(A) where A = [ 8 8 ] .

(se wneed A stlee P\_;(" EDL .

> o cred '
Sex g .EA\Oz]“"";\O] ‘—3(:— [\00

0o

NCAY: Spen {00
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Example

Find a spanning set for V(A7) where A = [ g) (1.) ] .
\ \ o T _ R
p\ B & \ OX J A Xz O-.

ce b | °
Cavon- [holel = (oi\“)

NCOAY = Sem ¥ oY,
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Interpreting the Fundamental Subspaces

We already have an interpretation of the column space and the
null space. For m x n matrix A

» CS(A)is all y € R™ such that AX = j is consistent, and

> N(A)is all X € R" such that AX = O,

How can we interpret the row space?

\. J

Since the row space and the null space are both subspaces of R", we
can ask how they are related. Let’s remember that the product

AX = (Row;(A) - X, Rowa(A) - %, ..., Rowm(A) - X)
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Question from Exam 1

Let U and V be two vectors in R". Suppose X is a vector in R"
such that X is orthogonal to 4 and X is orthogonal to V. Show that
X is orthogonal to every vector in Span{u, V}.

This result generalizes. That is, if
X-Vy=0, and X-¥,=0, and X:-V3=0, ---, and X:-Vp=0

then

for every vector Z in Span{Vvj, ..., Vn}.
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The Row Space

Suppose X € N (A) for some m x n matrix A. Then AX = 0,,, which
means that

ROW1 (A) X = 0
ROWQ(A) X = 0
ROWm(A) . )? - 0

That is, a vector X € A/(A) is orthogonal to every row vector of A.
Since that means that X is orthogonal to every linear combination of
the row vectors of A, we can say

Every vector in RS(A) is orthogonal to every vector in N (A) and
vice versa.
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Orthogonal Complements

Let W be a subspace of R". The orthogonal complement of
W, denoted W, is the set of all X in R" that are orthogonal to all
vectors in W. We can write

W-={XeR"|X-w=0, forall we W}.

The symbol W+ is read “W perp.”

For m x n matrix A, the row space of A is the orthogonal comple-
ment of the null space of A.

RS(A) = N(A)Lt and N(A) = RS(A)..
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N(A) RS(A)

=4 1
o

0]

Figure: The row and null spaces of this matrix A are the lines x> = xy and
Xo = —Xi, respectively. In this case, they are actually perpendicular lines.
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Orthogonal Complements in A3

Figure: A subspace of R® that corresponds to a plane together with its orthogonal complement
corresponding to a line.
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The Fourth Fundamental Subspace

The fourth fundamental subspace of a matrix A is the null space of A’ i.e.,
N (AT). Recall that for a matrix A,

Col;j(A) = Row;(AT) and Row;(A) = Col;(AT).
So this fourth subspace is the orthogonal complement of CS(A).

N(AT)

For m x n matrix A
N(AT) = {)? cR™|ATX = 6,,} .

Equivalently

N(AT)={Xe R"|X-y =0, foreveryy € CS(A)}.
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CS(A) & N(AT) of A = {

O =
| I—

N(AT)

CS(A)

e

Figure: The column space of A and null space of A’ are the lines xo = 0 and
x1 = 0, respectively. These are also perpendicular line.
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Example

Find a spanning set for each of the four fundamental subspaces of the

matrix

A:F

2 5 4
2 4 1

)ZS(A\ : SPW { <\)-2) S, U\> ) <2)‘U\J \/_'\j).
CS(.A\ = SPM {<\szl (-1, s, , .4\4,'\7} ,

Yor )\/'(A\ fnd  erek (A

- ‘\ N D
rre_Q (A\)= E)) E> O\ \A} QD{ AX:OZ

’X\ - Qym*’\x"l

N3 = - Xy
)‘1) y"\ o
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X = (ZY—,_—(—Y\—\) §(.,_l—$(“ J\)(w»

’—5(2<2) ), e, o) * Kq (\)o,—\)\>

N(ay = Spm L<BY, 057, s, 2 ),

N (ATY | e ne=d rref (/5;\)

NCAN- Spm { CooY.
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