October 18 Math 2306 sec. 51 Fall 2021

Section 13: The Laplace Transform

We defined the Laplace transform.

Definition: Let f(t) be defined on [0, c0). The Laplace transform of f is
denoted and defined by

LLH()} = /O T esti(t) .

There is a commonly used lower-case/upper-case convention in which
we write

L) = F(s).
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The Laplace Transform is a Linear Transformation

Some basic results include:
> L{af(t)+ Bg(t)} = aF(s) + BG(S)

» 7{1}=1 s>0

> L{t" = 5, s>0forn=1,2,...
> L{eft =1, s>a

> Z{coskt} = s>0
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ZLA{sinkt} = s>0
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Evaluate the Laplace transform .Z{f(t)} if

1
) f(t)=(2-1)? = Y- Yk Lt ZL{1} =5, s

j{t”} Sn+1 )
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Evaluate the Laplace transform .Z{f(t)} if
(d) f(t) =sin®5t Z{coskt} = o,

Z{sn (s6)) # (j’ fs'.n5k}> Lsinkt} = g%,

“Q‘A w su—\c\ Lse .e,\/o\u)‘:)\’e— g—\,\z = "\i - _\i— ij 28

[ <n2Evat ? Cost0 = £+ G20

Ll Sin®SE = % - 3 & (10k)

yoswy - (% -= cr(oe))= T L0 -% 1 [cos (106

< _\,<_\,>_L _s
= \% Z g% /07
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Evaluate the Laplace transform §(t — a)’

Suppose ¢ has the following property: If f is continuous on [0, o) and

a> 0, then .
/iKMU—meK@. .
0 b
“go;ﬁr"& ) sb
st Q\X/’\
zit-ay= | &S -ardb

=3

B _sle> _as
o e - e

"This function is called the Dirac delta. It's not really a function in the traditional
sense. It's what's known as a distribution.

October 15, 2021 5/23



Sufficient Conditions for Existence of -Z{f(t)}

Definition: Let ¢ > 0. A function f defined on [0, ) is said to be of
exponential order ¢ provided there exists positive constants M and T
such that |f(t)] < Me“ forall t > T.

—p o\eeir\-;L —2 Lo @"‘ﬁéﬂ/‘ 'V\‘\"'\ A eyfb/\e-\\:'\-ﬁq—-

Definition: A function f is said to be piecewise continuous on an
interval [a, b] if f has at most finitely many jump discontinuities on [a, b]
and is continuous between each such jump.
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Sufficient Conditions for Existence of -Z{f(t)}

Theorem: If f is piecewise continuous on [0, co) and of exponential
order c for some ¢ > 0, then f has a Laplace transform for s > c.

An example of a function that is NOT of exponential order for any c is
f(t) = e’’. Note that

f(ty=e" = (e')' = |f(t) > e whenever t>c.

This is a function that doesn’t have a Laplace transform. We won’t be
dealing with this type of function here.
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Section 14: Inverse Laplace Transforms

Now we wish to go backwards: Given F(s) can we find a function f()
such that Z{f(t)} = F(s)?

If so, we’ll use the following notation

27 F(s)} = f(t) provided Z{f(t)} = F(s).

We'll call f(t) an inverse Laplace transform of F(s).
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A Table of Inverse Laplace Transforms
> 2 {4} =1
> 2 { Bt =t"forn=1,2, ...
> - 1{ 1 }:eat

s—a

> 1 {ﬁskz} = cos kt

> o {32+k2} — sin kt
The inverse Laplace transform is also linear so that

2~ {aF(s) + BG(s)} = af(t) + Bg(1)
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Using a Table

When using a table of Laplace transforms, the expression must match
exactly. For example,

n!

|
x*{i}—ﬁ.

Note that n = 3, so there must be 3! in the numerator and the power
4=3+1ons.

SO
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Find the Inverse Laplace Transform
g {tn} —
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Example: Evaluate 27 g% } = coskt

o o {35) ) s
oZD f s+‘1 § j

A gy

=G (30 + j(/g Sii?;j

= G () « & S (34)
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Example: Evaluate

_ s—8
© Z 1{32—23}

s- s
R R Fa T

e need to do o
Qm%& rglr&d'mw A‘QCD'MP*

S-8 - ,A, N Bt Clear Fachons
S(s-2) S S-=2 .
s_8 - Als-2)+3s

= (h+e)s - 2R
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