October 18 Math 2306 sec. 52 Fall 2021

Section 13: The Laplace Transform

We defined the Laplace transform.

Definition: Let f(t) be defined on [0, c0). The Laplace transform of f is
denoted and defined by

LLH()} = /O T esti(t) .

There is a commonly used lower-case/upper-case convention in which
we write

L) = F(s).
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The Laplace Transform is a Linear Transformation

Some basic results include:
> L{af(t)+ Bg(t)} = aF(s) + BG(S)

» 7{1}=1 s>0

> L{t" = 5, s>0forn=1,2,...
> L{eft =1, s>a

> Z{coskt} = s>0
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Evaluate the Laplace transform .Z{f(t)} if

(@) f(t) = cos(nt) Plcoskt} =

__S _
32_|_k27
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Evaluate the Laplace transform .Z{f(t)} if
L{1r=1% s>0
(b) f(t) =2t*—e%'+3
L{t"y =25, s>0forn=1,2,...

Llety =1, s>a
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Evaluate the Laplace transform .Z{f(t)} if

z{1y=1«

(©) f(f)=(2-1)2 = Y- 4t +&*

2{t = 2,

L{§WY= f {4-Yt=t
4R Y -t (b L]
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Evaluate the Laplace transform §(t — a)’

Suppose ¢ has the following property: If f is continuous on [0, o) and

a> 0, then -
/ £(1)3(t — a) dt = f(a).
0
5 i)
po ég/bo M~ /316
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Z{5(t-a)} = S e Sl-2)d4 &a\x’gw\
(o]
-s(e) - &S
S . e

"This function is called the Dirac delta. It's not really a function in the traditional
sense. It's what's known as a distribution.
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Sufficient Conditions for Existence of -Z{f(t)}

Definition: Let ¢ > 0. A function f defined on [0, ) is said to be of
exponential order ¢ provided there exists positive constants M and T
such that |f(t)] < Me“ forall t > T.

~¥ dresnt dewd & Do Lasren. Man o e%hnwktgo\
Definition: A function f is said to be piecewise continuous on an

interval [a, b] if f has at most finitely many jump discontinuities on [a, b]
and is continuous between each such jump.
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Sufficient Conditions for Existence of -Z{f(t)}

Theorem: If f is piecewise continuous on [0, co) and of exponential
order c for some ¢ > 0, then f has a Laplace transform for s > c.

An example of a function that is NOT of exponential order for any c is
f(t) = e’’. Note that

f(ty=e" = (e')' = |f(t) > e whenever t>c.

This is a function that doesn’t have a Laplace transform. We won’t be
dealing with this type of function here.

October 15, 2021 8/24



Section 14: Inverse Laplace Transforms

Now we wish to go backwards: Given F(s) can we find a function f()
such that Z{f(t)} = F(s)?

If so, we’ll use the following notation

27 F(s)} = f(t) provided Z{f(t)} = F(s).

We'll call f(t) an inverse Laplace transform of F(s).
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A Table of Inverse Laplace Transforms
> 2 {4} =1
> 2 { Bt =t"forn=1,2, ...
> - 1{ 1 }:eat

s—a

> 1 {ﬁskz} = cos kt

> o {32+k2} — sin kt
The inverse Laplace transform is also linear so that

2~ {aF(s) + BG(s)} = af(t) + Bg(1)
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Using a Table

When using a table of Laplace transforms, the expression must match
exactly. For example,

n!

|
x*{i}—ﬁ.

Note that n = 3, so there must be 3! in the numerator and the power
4=3+1ons.

SO
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Find the Inverse Laplace Transform

"g’ﬂ{tn}_sn+1
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k7 { 5 }:coskt

Example: Evaluate sk
1 k .
(b) 31{”1} 2 Gt =sinkt
s2+9

- f‘(gf_fq N g\*q)
- = 1 =)
3

- j“(gizmﬁ + & -Zp“fs%s‘}

= (Cos (%JC\ < —% S~ (’3{7\)
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Example: Evaluate

1 s—8
© Z {32—23}
Jr\\bw R P ke yreke
S s-8 \s 7

-as

Tl _er)és»\ éecan?

- _ L~
S-g s . A B ey
<o oas (¢ -2) 3 $-7 N

-8 = A(s-2)+ s
= (P+B)s - QA
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eoote Mo demr o L B 1-A= -4 -3

-ZA=-8 = A=Y

L1} =1
s,e Y4 0 3 =
s -as ) S -2 A =t

o 1{s1a} — et
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