
October 27 Math 2306 sec. 51 Fall 2021

Section 15: Shift Theorems

Theorem: (translation in s) Suppose L {f (t)} = F (s). Then for any
real number a

L
{

eat f (t)
}
= F (s − a).

In other words, if F (s) has an inverse Laplace transform, then

L −1{F (s − a)} = eatL −1{F (s)}.
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Translation in t

We defined the unit step function

U (t − a) =
{

0, 0 ≤ t < a
1, t ≥ a

And then we considered the product f (t − a)U (t − a) for f defined on
[0,∞) and a > 0.

f (t − a)U (t − a) =
{

0, 0 ≤ t < a
f (t − a), t ≥ a

.
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Theorem (translation in t)

If F (s) = L {f (t)} and a > 0, then

L {f (t − a)U (t − a)} = e−asF (s).
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Find L {U (t − a)}
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Example

Find the Laplace transform L {f (t)} where

f (t) =
{

1, 0 ≤ t < 1
t , t ≥ 1

(a) First write f in terms of unit step functions.
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Example Continued...

(b) Now use the fact that f (t) = 1 + (t − 1)U (t − 1) to find L {f}.
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A Couple of Useful Results
Another formulation of this translation theorem is

(1) L {g(t)U (t−a)} = e−asL {g(t+a)}.

Example: Find L {cos t U
(

t − π

2

)
}
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A Couple of Useful Results
The inverse form of this translation theorem is

(2) L −1{e−asF (s)} = f (t−a)U (t−a).

Example: Find L −1
{

e−2s

s(s + 1)

}
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L −1
{

e−2s

s(s + 1)

}



Evaluate the Laplace tranform of the function pictured

Figure: Graph of y = f (t). Note: This is exercise 2(b) from section 13 of the
workbook.

October 25, 2021 14 / 19



October 25, 2021 15 / 19



Evaluate

L
{
(t2 − e3t)2

}
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