October 28 Math 2306 sec. 52 Fall 2022

Section 15: Shift Theorems

Theorem: Suppose .7 {f(t)} = F(s). Then for any real number
a

Z{e?f(t)} = F(s— a).

We can state this in terms of the inverse transform. If F(s) has an
inverse Laplace transform, then

L YF(s—a)} = e 2 1{F(s)}.
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{1 t>a

ZE(L - a)

3

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions

We can use the unit step function to write piecewise defined functions

in a format convenient for taking Laplace transforms. For example,
suppose 0 < a < b < oo and

fi(t), 0<t<a
f(t)y =4 Kh(t), a<t<b
f3(t), b<t< oo

We can write f in the form

f(=f)—HO%(t—a)+ L)% (t—a)—L(t)Z(t—b)+ L(H)Z(t—b)

cswy(i-u ({-—o\)> + £ (o (u ({»-a\-u({—b\> e £ (ule-»
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Translation in t
Given a function f(t) for t > 0, and a number a > 0

0, 0<t<a
f(t—a)@/(t—a):{f(ta) t> 4 .
Sle) | fit —a)#(t—a)
t it
d

Figure: The function f(t — a)# (t — a) has the graph of f shifted a units to the
right with value of zero for ¢ to the left of a.
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Find Z{# (t — a)} for a > 0.
By definition,

LUt - a) = /OOO oSy (t—a)dt
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Theorem (translation in )

If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t—a)} = e ¥F(s).

A special case is f(t) = 1. We just found
—as
LAU(t—a)) — e ad2{1) =2

We can state this in terms of the inverse transform as

L e ®F(s)} = f(t— a)#(t — a).
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Example

Find the Laplace transform .# {f(t)} where

1, 0<t<1
f(t):{t t> 1

(a) First write f in terms of unit step functions.

LY=L - AUEDd + UG-
R PR VAT

LUy = 1+ (DU

e - LB FE £ twen 0 (£-1) = k)
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Example Continued... - g5t — gz (t — a)} — e *F(s).

(b) Now use the fact that f(t) =1+ (t — 1) (t — 1) to find Z{f}.

LUeWy = 201y~ L Le-vua-ny
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Alternative Form for Translation in t

It is often the case that we wish to take the transform of a product of

the form

g(t)z (t— a)
in which the function g is not translated.

The main theorem statement

L{f(t—a)%(t—a)} = e ¥F(s).
can be restated as

L{gt)# (t - a)} = e *L{g(t + a)}.

This is based on the observation that

g(t) = g((t+a) - a).
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Example

L{gt) (t - a)} = e *L{g(t + a)}
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Cos (A4B) = GsA CsB - S~ASAR

S (A¥E) = QLA GsB + S8 WA
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Example

L e ®F(s)} =f(t—a)%(t— a)

Example: Find .,2”1{ e } i { 5Ls+\)\£
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