October 29 Math 2306 sec. 51 Fall 2021

Section 16: Laplace Transforms of Derivatives and IVPs

Suppose f has a Laplace transform! and that f is differentiable on
[0, 00). Obtain an expression for the Laplace tranform of f'(t) using
integration by parts to get

2{f(1) = /Oooe‘Stf’(t)dt
- —f(0)+s/0°o e~Si(t) it

= sF(s)— f(0).

"Assume f is of exponential order ¢ for some c.
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2Pt} = s2{f(t)} - F(0)
= S <§F/57 - \056\3 - 1C I(o)

= & F sy - sbey - Elray
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Transforms of Derivatives
For y = y(t) defined on [0, co) having derivatives y’, y” and so forth, if

Z{y()} = Y(s),

(%} = sv@-yo

2
dzy} = $2Y(s) - sy(0) — y'(0).

dny} _ snY(S)—Sn71}/(O) sh— 2 /(0) y(nf1)(o).
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Laplace Transforms and IVPs

For constants a, b, and c, take the Laplace transform of both sides of
the equation and isolate Z{y(t)} = Y(s).

ay" +by' +cy=g(t), y(0)=yo, y'(0)=p
Ln} Desy = i‘[ .(;)\j T ave ;{ ok m
0L Y
i’{a&d#\o\gﬁfo{;\] = EB{‘jU’h
S Gisy= i{%(k\j
a 2Ly ety e y) - G
a (s ‘ﬁs\—sb(u\—\g cs>3+\>(sk{(ss—0(\>\3* Yy = G(&)
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|selode S
s sy - msé(m\-ag‘m + 105 Vi) ~bylay + € Py = G rs)

LSe \9(63- Yo ond V()'(é\’- YN

<(ks1+b§*c,\ L(’(s\ "O‘gfﬂ"’o“ﬁ\‘\"_’)\ - GE©)

(as+bsec)Ye) - Qyes +ay,¥ooe G ()

ay” + by +cy = g(t)
O\S’L—(-’\QST-C, s \4\-\ C\/\N‘G-Q_&QJ\.S\‘..C

()h\j wonicd e e QODOE
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O Os'\—a \'\'bbb
&\)(S\ = 9 \0 £ 6(5)

s+ bs +C asts bs + C

The  solubion = e WP 7
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Solving IVPs

Apply Laplace
/ Solution

y(t)

(obtained unknown
from Y(s)) ¥(s) /
Solution
Y(s)
Take Inverse Laplace (
Transtform

obtained
by
algebra)

/
Figure: We use the Laplace transform to turn our DE into an algebraic
equation. Solve this transformed equation, and then transform back.
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General Form

We get
Q(s) , G(s)
Y(s) =
9= B " P(s)
where Q is a polynomial with coefficients determined by the initial
conditions, G is the Laplace transform of g(t) and P is the
characteristic polynomial of the original equation.

z1 { ggzg } is called the zero input response,

7 { ggzi } is called the zero state response.
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Solve the IVP using the Laplace Transform

Z};+3y:2t, y(0) = 2 o L,y = Y

0\8{%\*3\3\)‘ ‘f{z{?}
LA{yy+3L{yr- 2Lk

A\l 2
< Lt’(s\—\gtm + 396 = > (3’-\‘ ==

2
(s+D T -2 = =

(53 Ty = ‘%1‘.‘ * Z
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2 Z
L\)(S\ = S“(S-rBj =<3

TO 'C'Y\é j‘[(\)\_] /u( V\-(-C(\ A—u éfCM\S«L
*4P—k 41.0<$\. -Lq:( ~

5 A 0B <
s+ Y + ~ =
2 = As(s+3)+ B30« Q<"
= P\SL T'75;>$ VA"V +,?§(3 “ C:(L
7 =

(A« §l+<3p\4'?,)5 « 30

AtC =0 = Cc-_A
IA+ =0 = /_\-_'_\3—‘@
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2 R=Z . N2 .2
3 A = C S
“2q  Z %
Po= < 32+ 21—« ==
S S S+3 S+ 3
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Solve the IVP using the Laplace Transform

y'+4y'+4y = te™ y(0)=1, y'(0)=0
\
ek Qesy= f {6 L1 <

Ll Yy ey Y = L]k 2L 010} Fls-0)
(OO PR RIS R L

STy - 53(&—3'(») _ (s“r’ —‘3(0\5 +4 9 - J—/

(s+ 7-)2'

L& y(o= ) | \3‘(0)-" d
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FY-g-0+Ms9 U v yy - L
(s+2)H*

(ST + M5+ ) Doy = I, v s +4

(s+2)"
7
[_\fm& | S+M
-+
- > =
OIS (s+2)* (S+Us+4) Seus+

Dot SPelUseY = (s

kr’(ﬂ‘ \ + s+
T (s+)¢ (s+1Y*
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N e S+Yz Sw 2w so

_SlL _ S_"LL"z - > - \ . 2
(s+2d* (s G+ swi (st

L M \ 2
e - (s=2)" T e (¢ <1)*

-\ -\
(S} i { S“‘j 3\' ‘i ‘-/'gx_\ j - -\g\ _t
The sdbhnen b M (P

yl&)= f{%ﬂ
C<+2)“\] i (g 1 j+ Z;f €(er2)>
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