October 29 Math 2306 sec. 52 Fall 2021

Section 16: Laplace Transforms of Derivatives and IVPs

Suppose f has a Laplace transform! and that f is differentiable on
[0, 00). Obtain an expression for the Laplace tranform of f'(t) using
integration by parts to get

2{f(1) = /Oooe‘Stf’(t)dt YOI

— _f0) + s/ooo e~Si(t) it

= sF(s)— f(0).

"Assume f is of exponential order ¢ for some c.
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2{r"0)} = sz {f(t)} -1 (0)

S <5\=Cs5— ORE £ '(v>

< Fesy-s Foy-Flo

\
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Transforms of Derivatives
For y = y(t) defined on [0, co) having derivatives y’, y” and so forth, if

Z{y()} = Y(s),

(%} = sv@-yo

2
dzy} = $2Y(s) - sy(0) — y'(0).

dny} _ snY(S)—Sn71}/(O) sh— 2 /(0) y(nf1)(o).
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Laplace Transforms and IVPs

For constants a, b, and c, take the Laplace transform of both sides of

the equation and isolate Z{y(t)} = Y(s).
ay” +by' +cy=g(t), y(0) =y, y'(0)=y
Lx Y= {0 2 G = £{4)
Tolew £ ob hu D€

f{mj‘+b5+c35= QP{5L+))
a:f{g)“\)”::f{g')*cj’{oj = G
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a(slﬁ’m ’53(°)'74‘C°)> +b (s‘(’(_g\— \9(6\\ +cVe) = B(s)
LSe YWD Ys | Yo =Y,
aﬁzk()(s\ - QYeS — Oy, * \DS&\)G)—\:EQQ +c Yo = Gs)

(0s"+ bs+ Q)W) - ayes-ay,-Yys = Gls)

(ast—v bos+ C.S&r)@) = O\mS*QU\J«\Obs + G(s)

ay” +by' +cy =9(t)

A oseC 15 Yre ChorackesenC
‘pn\g—wv\n'w"Q Loc Yo Sy

October 27, 2021

5/37



ab°S+Q\O‘+\ob° G (s)

Ty ——  +

s+ bos +C o<+ os+C

T solehon o b WP g

Y (£) = i\{&](s)j :
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Solving IVPs

/ Solution

y(t)

(obtained unknown
from ¥(s)) Y(s) /
Solution
Y(s)
Take Inverse Laplace (
Transtform

obtained
by
algebra)
a

/
Figure: We use the Laplace transform to turn our DE into an algebraic
equation. Solve this transformed equation, and then transform back.

=)
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General Form

We get
Q(s) , G(s)
Y(s) =
9= B " P(s)
where Q is a polynomial with coefficients determined by the initial
conditions, G is the Laplace transform of g(t) and P is the
characteristic polynomial of the original equation.

z1 { ggzg } is called the zero input response,

7 { ggzi } is called the zero state response.
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Solve the IVP using the Laplace Transform

ady B
E+3y 2t, y(0)=2

Lk sy = Q\D{\O(uj
L{y+3,) = L {21)
(j(\g'\,7+3in(\?j = 226(6}

\l

ST —yo) + IV = A (’g;—\

SQCS)’&—VBL\’(;Y 3—— =2 (S+">)\cs)— ?Jc 4
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loe\\ Ao ?o«;\'\ﬂ,q -CTO O om (\eC““P on Y= -F—\rs\- leca

A C
zz?;\*=’*+f“@»* 5 O s
- <S f; S~ égcﬁcjriSW“
D= As+3) e B+ Cs™

"

Astc30s «Bs+38~ Cs”
2 = (A O« (3A«BYs + 3B

A« C =0
BA+B =0
=T D "=
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-z 2 2z
Y- T 3. 9 . -3
S N <+3 -
-z 2 2
Qesy = = . = . &
< ST s+3

The soludion v ¥ W P \O—_f(k\)j.

f(S\}*&f{ j

\O(ic) i h’:ﬁ

October 27, 2021 11/37




Solve the IVP using the Laplace Transform

y'+4y'+4y =te™® y(0)=1, y'(0)=0

L Qe 2 {Y 20 L
Ly ug 1y = Fee) J{esw)= Fis-

N N F 2 B e

S-LY — S\j(b)"\gl(b\-}- L\ (S\)-\\/)(o‘)\ + U\&e = \

(S—f’(,)l
WSe  yiM=4 ug\m:@
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V-5 —o4Usyo Y Uy - 3
s+

(s'+Ys+ Y = —L— + s+4

s+

\ S+4

- _— .

Cg-c-z,)-‘(s‘.q-b(g.,,\{) S+ Ys+\Y

SL—r-qS +\ = (s41)"

Q- ’J\+ S+\M

(s+ 7_)"‘ (S-\-'?/>z

N Ge C Ly = S+r+42
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G+ T G- G+ T« (s+2)*
. \ . 2
H)(S) = C§+ L)\‘ + S+ 2 CS—&‘L)I
_A
Y ()= <M
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