October 29 Math 2306 sec. 54 Fall 2021

Section 16: Laplace Transforms of Derivatives and IVPs

Suppose f has a Laplace transform! and that f is differentiable on
[0, 00). Obtain an expression for the Laplace tranform of f'(t) using

integration by parts to get
2{fw}= T

2{f(1) = /Oooe‘Stf’(t)dt
- —f(0)+s/0°o e~Si(t) it

= sF(s)— f(0).

"Assume f is of exponential order ¢ for some c.
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2{f'(t) = sz {f(t)}—F(0)
=S (SF(S) - {?(m> - \C ]/o)

FETY® =58 - £y
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Transforms of Derivatives
For y = y(t) defined on [0, co) having derivatives y’, y” and so forth, if

Z{y()} = Y(s),

(%} = sv@-yo

2
dzy} = $2Y(s) - sy(0) — y'(0).

dny} _ snY(S)—Sn71}/(O) sh— 2 /(0) y(nf1)(o).
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Laplace Transforms and IVPs

For constants a, b, and c, take the Laplace transform of both sides of
the equation and isolate Z{y(t)} = Y(s).

ay"+by' +cy=9(t), y0)=yo, y(0)=y

L4 Q- cf{\g(a\), CIOE i(%[ﬁ}

Take %04- 4\& o€

i{o\g*\:\s\«cg\]: f{slf))
LY +b 2T~ CL{,) = GO
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% (Sz Ty - sy o —\g'm\ +b <sm\ - \3(&\ +C Ty = Gs)

VSe LDz Y, «e YId=Y,

o\gzkl)csx - OYS - Oy, & s sy - by * c Y = Gs)

CQ.S’L—FbS-PC)K\J(SS —'5\'_‘9\5'—0\3\_\5\3" = @(5>

<a51+\>s+ ¢) Yo = aYsS + Y +5 v + G
ay” + by’ +cy = g(1)

QS’L“‘ES‘PC 1S e C\r\wac}e\“s\nc f‘LDNw\«‘-@—O\
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Qv s + Ay Loy, Gy
Yis) = n

as” +los + C as +bs+ C

The scludion Yo Mo WH

\:) (&) = i {\\)(S)X
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Solving IVPs

o~ N
Apply Laplace
Transform
/ Solution
y(t)
(obtained unknown
from Y(s)) Y(s) /
Solution
¥Y(s)
Take Inverse Laplace (
Transtform

obtained
by
algebra)

/
Figure: We use the Laplace transform to turn our DE into an algebraic
equation. Solve this transformed equation, and then transform back.
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General Form

We get
Q(s) , G(s)
Y(s) =
9= B " P(s)
where Q is a polynomial with coefficients determined by the initial
conditions, G is the Laplace transform of g(t) and P is the
characteristic polynomial of the original equation.

z1 { ggzg } is called the zero input response,

7 { ggzi } is called the zero state response.
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Solve the IVP using the Laplace Transform

d
F};+3y:2t, y(0)=2 \ex \Jp{j§= Ms)

i{j\dﬁ’%\g\]: i{'Z&E’
SERCPEE RS EREARY

3‘(@)—\3(@4(39(53 - 2 (%;}

CS‘PEXK\)CSB -2 = —%\__‘ =) (S-«-’sﬁk\)(;\: gg—; + 2
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S (5+3) S+3
_z
(»bc heeér Lb Ae C.MGQS,L €L<§+3\
C
—g\_ _ _A/ . _E— .
SiL(E;1—iS\§ < 5314 S+3

\10( 'bJ\Y
. ) S_ro‘k\
A= /‘\S(§+3>+/€(S+ DN+ C s
A v 2Ps « Bs + 3@+ Cs™

1

W\
"

(he OO « (BA<B)s + D

A+tC =0
3IA4B = O
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r‘\: %B: %’ ) _,/-\: 3
=z z z 2
L‘)(S)"' % + 331- + 513 + P
2 2 ?,O}q
) %* = =2
The 5s3\uvwon )ﬁ, M \NP Y= j {k\)(d)\]
w Pl
gor 2 (R <3 £ % ()
20 -3F
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Solve the IVP using the Laplace Transform

y'raytay =te y(0) =1, Y (0=0 Ve L LY

Ly 4 4y = f (k™) :K{e}: S
{¢ ijj - (<-2)
LGV 4y Y ) e

ST —sylh-ye+ Y (sv-\g(oﬂ +Y4P - (S/L_L—)m

Vil Yy(e=1 W= 0
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Nele S+ Y - S+

S+ S+
C ~ - -t gl Ol —J’— + < =
S+ (s+) CRED) S+ G+1)
v.’\f\q\\\-)
) ya
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The soluden
g - F (dmy e LleRy 2t (G

_ 3 -2t -2k 2t
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