October 6 Math 3260 sec. 53 Fall 2025

3.8 Matrix Equations

Matrix-Matrix Equation AX = Y

The matrices A and Y are known. The variable to be solved for is the
matrix X.

To solve such an equation, we set up the multiply-augmented matrix
[A] Y] and do row reduction.

Remark 1: The matrix-matrix equation AX = Y is equivalent to the whole
collection of matrix-vector equations A Col;(X) = Col;(Y). This means we can
interpret it as a system of systems of linear equations.

Remark 2: We are focusing on the square case, that is, where A, Y, and any
solution X would be n x n matrices.
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Suppose that A and Y are both n x n (square) matrices and consider
the matrix equation AX =Y. Let

A=[A]| Y]

be the n x (2n) multiply-augmented matrix that corresponds to this ma-
trix equation.

1. If rref (A) = Ip, then AX = Y has a unique solution. Furthermore
rref(?\):[ I ‘ X]

where X is the unique solution of AX =Y.

2. If rref (A) # Ip, then AX = Y is either inconsistent or has infinitely
many solutions.

Remark: If any of the n rightmost columns of Ais a pivot column, then

AX = Y is inconsistent.
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Recall Our Example

Solve the matrix equation AX = Y or show that it is inconsistent.

1 -2 11
(a) A—[ 0 1}, and Y_[_21]
. . -1 -2|-1 1 .
Last time, we set up the matrix [A| Y] = 0 1 4 |»anddid

row operations to get

rref([A‘Y]):[:) o1 8 ‘f]

So the equation AX = Y is consistent and the solution

= &)
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—1 -2 X111 Xq2 o —1 1 A— —1 -2
0 1 Xo1  Xoo - -2 1 ’ o 0 1
Solve the two matrix-vector equations (with the column vectors from
Y):

1. A% =(-1,-2) EO‘Z )iz—— {1,720

A= (S 27 ERA AR R

2. A% =(1,1) [\_'033& SRV
Ford3 7Y
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Observation

. -1 -2 X111 X2 | -1 1 . . .
Solving [ 0 1 ] [ Xo1  Xop ] = [ o 4 } is equivalent to solving

the two vector equations
A)?1 = }71 and A)?g = }72

where
)?,' = CO|,‘(X) and }7,- = CO|/(Y),
which is equivalent to solving two systems of linear equations

—1X11 — 2X21 = —1 and —1X~|2 — 2X22 = 1
Ox11 + 1xo1 = -2 Oxi2 + 1x2 = 1
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Recall Our Other Example
Prior to the exam, we solved the equation AX =Y, where
2 -5 10
A:[‘| 3}, and Y:/2:|:01:|.
We found that

¢ [1 0|35
[AlL] = [0 1)1 2}'

This showed that AX = & is consistent, and that the solution

Ll e 09D

The matrix I, is the multiplicative identity for both the matrix-vector
and the matrix-matrix equation, /,X = X and /,A = A (for n x n matrix
A). It has the same role for matrix multiplication as the number 1 has
for scalar multiplication. :
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3.9 Matrix Inversion

Consider the rather straight forward problem:

Solve for x given 3x = 17.

To solve for or isolate x, we want the coefficient of x to be 1, because 1
is the identity, i.e.,
1Ix=x

for multiplication of real numbers.
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3.9 Matrix Inversion

If ais a real number, we can ask whether there is another real number
b such that
ba=1.

When such a number b does exist, it is also the case that
ab=1,
and we call b the multiplicative inverse of a.

» The number zero does not have a multiplicative inverse because
there is no number b such that b0 = 1.

> If ais any nonzero number, then there is a multiplicative inverse
a~'. (For real numbers, we also write a multiplicative inverse as 15
and call it a reciprocal.)
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3.9 Matrix Inversion

Consider the example we did earlier when we solved AX = I, for
2 -5

A= { } We found

—1 3
5
x-[33]
Evaluate XA.

o (3160

HA = X

3
1
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Suppose that Ais an n x n matrix. We say that A is invertible if
there exists an n x n matrix B such that AB = I, and BA = I,.

If B is a matrix such that AB = I, and BA = I,, then we say that

B is an inverse of A.

Note that in our definition, we want the two products AB and BA to be
the same, and to be the n x nidentity matrix, if B is an inverse of the
matrix A.
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A BA

2.3)3%3 3x3 33

Example

3x 3 3% 3 2 4 4
Show that B is an inverse of AwhereB=| 0 —4 2 | and

(411

O OoNi=
= O —
—_

3 -1 672 4 4] 1001
AB=|0 0 1 0 -4 2|=|0 o
o | 2_{0 10 {00\
(2 4 475 -1 —6] ¢ ° °
BA=|0 -4 2] 0 0 1= 1%
0 1t o0][l0 § 2]
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Theorem: Inverses are Unique

Suppose A is an invertible n x n matrix. Then the inverse of A is
unique.

This means that A can’t have two distinct inverses. That is, if
AB = BA = I|,and AC = CA = I,, it must be that B = C.

Proof:  Scppese AR - BA - T. e AC-(A=Sw

Loe oot
2 -BT.-2(pc): (BRIC-T C - C.

p
I

That s, Q=C.

J
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Suppose A and B are n x n matrices such that AB = /,. Then
BA = In.

Remark: This is not a trivial statement. It says that if we find a matrix B such
that AB = I,, then we are guaranteed that A and B commute,

i.e., AB = BA.
And, in fact, that both
AB=1, and BA=I,.

In order to prove this theorem, we need to remember an important previous
theorem.
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Notation & The Invertibility Theorem Qo e
If B is the inverse of an invertible matrix, A, we will write v

e D
B=A". X

Now we answer two big questions: (1) Which matrices have inverses, and (2)

how is an inverse computed?

Invertibility Theorem

Suppose that A is an n x n matrix. Then A is invertible if and only

if rref(A) = I,. Moreover, if A is invertible, and A is the multiply-
augmented matrix

//A = [A | ln]a L)a'(;c‘\:"ﬁ .
~
then R %° S
rref (A) = [In | A™1], N

.

Remark: This gives a test for invertibility (the rref is or is not /,), and a method for
finding an inverse!
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Example

Determine whether A is invertible. If invertible, find its inverse. (Let’s do
this by hand.)

A:[—ﬁz” ST [/-\\123 s fo> Meduce

2 L o &, & Fe

ol 9 \ o\

1M o \ 0+ W €

L’L \ \ \ O e ° z
- o \ o | ) . @
6 9 \ 2 _ﬁ— L
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Example
Determine whether A is invertible. If invertible, find its inverse.

1 2 -1
A=| -4 -7 3
2 -6 4

.} \ z - \ o (‘r‘e,Q
= -4 -+ 3 o |\ —_—
A \T—z - “
[ S ST o \
Lo \ |\ o -3fs FHe
o \ - o s s
o ¢) (e} \ I/S A o
\_/\;f"\ig P\ WS Ao \/\J{’/‘\-cw
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Example
Determine whether A is invertible. If invertible, find its inverse.

3 -1 —1
A=1| 10 -3 -5
6 2 3

A N
[A \13) Ifi -é’ 'S\ | o ‘
e T3

>
(]
X
A
&
3
[
P>
|
NOo—
oW~
—a
« )
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Matrix-Vector & Matrix-Matrix Equations

Suppose A is an invertible n x n matrix. Then,

» for any vector y in R", the matrix-vector equation AX = y
has unique solution
= A7,

» and for any n x p matrix Y, the matrix-matrix equation
AX =Y has unique solution

X=A"y.

AY-Y  KAX:NY  Tax- AR
K- A
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