October 7 Math 2306 sec. 53 Fall 2024

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any™ +ap 1y + - + apy = g(x)
where g comes from the restricted classes of functions
» polynomials,
. O3 ¥
> exponentials, €~ , € , €
> sines and/or cosines, Sin(lex), Cos(lex)
» and products and sums of the above kinds of functions
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Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!



Motivating Example’

Find a particular solution of the ODE

y" —4y' +4y = 8x + 1
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'We’re only ignoring the y. part to illustrate the process.



y' =4y +4y =8x+1
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y'—4y' +4y =8x +1
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The Method: Assume y, has the same form as g(x)
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The Initial Guess Must Be General in Form

Find a particular solutionto  y” — 4y’ + 4y = 16x?

g3
M \C‘{’)“ _{A_(’ ¢ C\I\K‘\rm)\- CQ_Q(- , Ov\-é ?(yﬂ“ox

s Me  correch Sn;\f.».og Aslh sile Lee Couw )

. (o9
o —~ON O r\,.& or- (29

(;\oss\-\«A 5(x) as

\ (r\.cl“\‘:k,
'
L,J'\s cel (Gf"/ A\(’L Suw HAls ina
\OFI-ZAX
%f"QA



DA — U(2Ax) « U(A )= [bx™

ap - RAX v YA Y = (kX

Modeh Qe Yes s
k’(A :‘(o = P\_"'b( \M(ess !
-&A =0 }-_’_) A=D
2A =0

Ol/*r g_e/-\— L/\o 'C\f (.OF .\f \ ~NColfre C*_

y' —4y' +4y =16x?

Lot heed 4o CMS.L\ g_cv):’(o)(z’ as o

Z“é c\€§r<¢: (s\\o\,\m/\_;él~ P\sS\,._r-a_, g_ova \ s also

we

o < A<5r£e pely .



Sf-’ /'\\(1* Vx +C
' * QA% G
‘df” - 2A

v, = Yye « dop = 1ls”

QA *H(’Zﬁx-‘—83+\-\<ﬁ>}+3¥+ C,>=/(o><7‘

Co\led ,Qt\/\u lee~S
C—B-/\ “UBYX + (zA—wsch) o yt«oxt O
Al =

YA X+
Makch e ermg
UA = 16
QA MR e)

ZA -UB 4 C =0



UA-1b 2 A=\
Ug-8A = R:aA = 2U4)=8

YC: -2A+UB = -2(U) v (8) = A
c-06

loe. Cord @w\"a el a soletine

go = U+ 8w+




General Form: sines and cosines

y" —y' =20sin(2x)

If we assume that y, = Asin(2x), taking two derivatives would lead to
the equation

—4Asin(2x) — 2A cos(2x) = 20sin(2x).
This would require (matching coefficients of sines and cosines)

—4A=20 and —-2A=0.

This is impossible as it would require —5 = 0!



General Form: sines and cosines
We must think of our equation y” — y’ = 20sin(2x) as
y" —y' = 20sin(2x) + 0 cos(2x).

The correct format for y, is

Yp = Asin(2x) + Bcos(2x).

Two Rules of Thumb

» Polynomials include all powers from constant up to the
degree.

» Where sines go, cosines follow and vice versa.




Examples of Forms of y, based on g (Trial Guesses)
any" +an 1y 4+ apy = g(x)

(@) g(x) =1 (orreally any nonzero constant)

Ye = A

(b) g(x) = x —7 (15" degree polynomial)
(ﬂf’ = /-\ X + @



Examples of Forms of y, based on g (Trial Guesses)

(c) g(x) =5x® (2" degree polynomial)
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(d) g(x) =3x3 -5 (3" degree polynomial)
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Examples of Forms of y, based on g (Trial Guesses)

(e) g(x) = 12e~*  (constant multiple of e=#X)
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(f) g(x) = xe®* (15! degree polynomial times &%)
dx 3x
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Examples of Forms of y, based on g (Trial Guesses)

(9) 9(x) = cos(7x) (linear combo of cosine and sine of 7x)
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(h) g(x) = x?sin(3x)  (linear combo 2™ degree polynomial time sine
and 2" degree poly times cosine)
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The correct form is a whole quadratic times a
sine plus another whole quadratic times a
cosine. There are six coefficients for the

six types of like terms that can arise because
of differentiation.



