September 12 Math 2306 sec. 52 Fall 2022

Section 5: First Order Equations Models and Applications

A composite fluid is
kept well mixed (i.e.
spatially homogeneous).

Figure: We were considering a classic mixing problem in which we track the
quantity of an element in a spatially uniform composite fluid with inflow and
outflow.
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Classic Mixing Problem Model

The mass, A(t), of a substance in a composite fluid that is well mixed
satisfies the equation

(Z;? = riCci — I,Co, Subjectto A(0) = Ay
where

> r; and r, are the rates at which fluid flows in, respectively out, of
the receptacle,

> ¢; is the concentration of the substance in the in-flowing fluid,

A(t) . . , .
> Co = V((t)) is the concentration of the substance in the out-flowing

fluid,

> V(t) = V(0) + (r; — ro)t is the volume of fluid in the tank at time ¢,
and

> A is the initial mass of the substance.
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Solve the Mixing Problem

A tank originally contains 500 gallons of pure water. Brine containing 2
pounds of salt per gallon is pumped in at a rate of 5gal/min. The well
mixed solution is pumped out at the same rate. Find the amount of salt
A(t) in pounds at the time t. Find the concentration of the mixture in
the tank at t = 5 minutes.

We have rj =r, =5, ¢; =2, A(0) = 0 and

a_A_A
°7 Vv 500
So A satisfies the IVP

dA A
— =5(2) - 5—, =0.
i 5(2) 5500, A(0)=0

This equation is both first order linear and separable. In standard form,
the linear equation is

dA 1
& T ieA=10. A0)=0.

September 7, 2022 3/15



Solving the Mixing Problem

We solved this IVP using an integrating factor and obtained

A(t) = 1000 — 1000e~ /100

Let’s show that this equation is also separable.

dA 1
E-l-mA—‘IO.

A

aa(T‘—f)(m'\(A\ i—’g - o- - A
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Ii # ro

Suppose that instead, the mixture is pumped out at 10 gal/min.
Determine the differential equation satisfied by A(t) under this new

condition.
b
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A Nonlinear Modeling Problem
A population P(t) of tilapia changes at a rate jointly proportional to the
current population and the difference between the constant carrying

capacity! M of the environment and the current population. Determine
the differential equation satsified by P.

The quantities of interest are
» P current population

» M — P difference between current population and M
> 9 rate of change of population
P d
%e\_ A P(n-p) = d—f : L Pln-p)

Q¢ (‘Mih'msr \L

'The carrying capacity is the maximum number of individuals that the environment
can support due to limitation of space and resources.
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Logistic Differential Equation

The equation
aP
i
is called a logistic growth equation.
Solve this equation and show that for any P(0) # 0, P - M as t — oc.

The GPE s Separable aq Sac wolly

kP(M —P), k,M>0
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September 7, 2022 9/15



-\

-n (-2
S e

d ¢t

%\f.,f (N (FeMY = (ay W)

AT

e L Gem Qe k= (- L&)

JQ. @t Jumdr Lt
e = e = e

@,u)z V—“'t , /‘A:
kMt

;u«k\
g le W)= ke

September 7, 2022 10/15



kirt
= e + C
L _kmb
= = ~ € +C ‘ C -kMmt
i~k = =t e
o\ -\
=% = P: & =
/\L\L 6€v~<2/‘¢2 S\a(u’\ﬁ.bv\
\ M
@(’U = —lmE M

+ Ce

September 7, 2022 11/15



M

Py ———
l—\rCMeTkMt

scppes Po-P, o . Pedy W TC

I i S
?(0\_" P., = \_\,CMe° \+ O™

Selieng ‘C‘(- ChH
.+ ch D=t
?\;“’ %QM = N
(POCM-. M- Pc =
o Mm-6
che T,

September 7, 2022

12/15



'F(Q,)-; \_‘,(M,P‘, —uwme ’f:
o)
M P
Py =
P« (M—P‘,\ ékht

Vele: £ Rme | Pla-o o e L
\£ @ >0

September 7, 2022 13/15



Quw\-\ Pu) - D'\M\ MP° r\@n

E-ps £=>po ?w(t’\-ﬁ,)é"‘”e = o
< < L@L
™ OQY\dQ
- < , M >0
M <@
de
Tc <0

September 7, 2022 /15



Logistic Modeling

B wecoucmon

Figure: Poster of recent Birla Carbon scholar
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Logistic Modeling

Figure: The species equations include an extended logistic term with
threshold and competition.
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