September 15 Math 2306 sec. 51 Fall 2021

Section 6: Linear Equations Theory and Terminology

We were talking about the basics of linear homogeneous ODEs.

dny dn—1y dy
an(x) X + an_1 (X)W + -4 a4 (x)a + ap(x)y =0
The General Solution: Let yq, Vo, ..., vn be any fundamental solution

set for this ODE. The general solution to this homogeneous equation is
Y(X) = c1yi(X) + CoYo(X) + - - - + Ch¥n(X).

where ¢y, ..., Cn are arbitrary constants.
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Nonhomogeneous Equations

Now we will consider the equation

dny dn—1y dy
g T an- 1(x )d — +---+a1(x)a+ao(x)y:g(x)

an(x)
where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.
The associated homogeneous equation is

d’ an-1 d
an(X) G + 1 () k@ () g + a0y =0,
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

Y = ciy1(X) + Caya(X) + -+ - + Cnyn(X) + ¥p(X)

[ I e S

where ¢y, Co, ..., Cy are arbitrary constants. S
o Ye

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Superposition Principle (for nonhomogeneous eqgns.)
Consider the nonhomogeneous equation

n n—1
00D b0 () %Y 0Dt 2oy = 1) 20 (1

Theorem: If y,, is a particular solution for

dy
an(X) % + -+ a(x)y = gi(x).

and yp, is a particular solution for

dn
an(X) 5+ @(X)y = Ga(x),

then
Yo =Yoi + Yo,
is a particular solution for the nonhomogeneous equation (1).
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Example x2y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy' + 6y = 36.
Ue\\ Suk EOP. UA

"
1

] . =0
5,(‘-@)’ Yo o , 3¢

7
Xiﬂ(’,“ - q"f)e: A N 36

-

2 Z de
(o - ux (o) « £(6) =36 . 0 e
36 =36 w7 ove.
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.
We Sub W’L ey

| n
Ve, ? =T, Yp = -F 9, =0

7
SO ‘ = -4
X Do, ~ Ax Yo, * é’kopl X

5 (&) ~Ux () G(x) = -t

ey
U - (X e

Ss v, dues solemt Yo &dT -
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental

solution set of
x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of

e lkwaus "\,\_A’ V=Ve*lp Yoo = -

We = C\X’L_PC’LX—; coond Yp= Vg, +Ypo
' = G -7Fx

The 3—2V~U°Q sslukin s

= C, Xt CLXB’"" - Fx
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Solve the IVP < C

x2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5
loe  howe W~ genes® so o
v: X+ c.ox’+ 6 - Fx
Y = 2O X +3Cx - F
Peply, He TC

L 3
Ywin = ¢ M 0, (W 6
C,—~ C—._—\ =

FO) =0
O =%C|+C2:\

Y = 26, () « 3GV -F =D

W, +3G > =S D QU +36 = 2
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We need Yo Solve M SysHm

C, « C. =)\ Al ¥
QC, +3C% =X

_ZC\ ——2C7' :.“2'
J S —
c, =0

= \-c = 1m0 = Gl

Tht soldrem b Mo \UP s

W= Ix"e OxPe G- Fx
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Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(x).

Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that

Ya(x) = u(x)y1(x)

for some function u(x). The method involves finding the function w.
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Generalization

Consider the equation in standard form with one known solution.
Determine a second linearly independent solution.

a2y dy .
W+P(X)a+o(x)y_oy }’1(X)**'S known.

¥ N ccn‘k Lo Csnskonk ha CouSC
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u," « Pwy +Quy. =0
w'y, « Zu_l?.\ ¥ upl“ + P(x)(ul_ko\ « UP‘\ ) + Qo ki?‘ - O
Colled W, ' and ™

W'y, * (2\_1)\\ * ?(x\y))uf + <~3‘”+ P&)§9:+Q(x)9.\u = O
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Reduction of Order Formula

For the second order, homogeneous equation in standard form with
one known solution y4, a second linearly independent solution y» is

given by
e—fP(x)dx
= V(X adx
=) [ oo
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