September 15 Math 2306 sec. 52 Fall 2021

Section 6: Linear Equations Theory and Terminology

We were talking about the basics of linear homogeneous ODEs.

d"y a1y d
an(x) X + ap_1 (X)W + -+ ai(x) o +ap(x)y =0
The General Solution: Let y1, v, ..., ¥, be any fundamental solution

set for this ODE. The general solution to this homogeneous equation is

y(x) = c1y1(x) + caya(x) + - - - + Cnyn(x),

where ¢4, ..., Cy are arbitrary constants.
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Nonhomogeneous Equations

Now we will consider the equation

dny dn—1y dy
g T an- 1(x )d — +---+a1(x)a+ao(x)y:g(x)

an(x)
where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.
The associated homogeneous equation is

d’ an-1 d
an(X) G + 1 () k@ () g + a0y =0,

September 13, 2021

2/26



Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y;,
fo]

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

¥ = ciyi(x) + Coyo(X) + - -+ + Cnyn(X) + Yp(X)
- =

. \/—\
where ¢y, Co, ..., Cy are arbitrary constants. \9 .

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Superposition Principle (for nonhomogeneous eqgns.)
Consider the nonhomogeneous equation

n n—1
00D b0 () %Y 0Dt 2oy = 1) 20 (1

Theorem: If y,, is a particular solution for

dy
an(X) % + -+ a(x)y = gi(x).

and yp, is a particular solution for

dn
an(X) 5+ @(X)y = Ga(x),

then
Yo =Yoi + Yo,
is a particular solution for the nonhomogeneous equation (1).
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Example x2y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

. |
Ue\\ Sud EOP‘ . 8?:‘ (o/ ﬂ(’. =0 ) V)?l”: O
7

>[L\O\’\H/qxvr,l * 6\96\ =306

(Y — Uy (6) + G(6) = 30 Wﬁ.\cy\o
26 =36 o

Ve, coes sul e Yo DT
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

| H_
e Sub VP~ i \\})Pz: -q'x) \_9(2-: _?’) ‘3?1‘—0
2
XYp' —Ux Yl ¥ Gy, = -

-

-1\ %

-

(o - Ux ()~ 66

QR/% — HZx =-14Xx warlh

0T ot
—_ My = ~]UX »
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental

solution set of
x2y" —4xy' + 6y =0.

A
Use this along with results (a) and (b) to write the general solution of

x2y" — 4xy' + 6y = 36 — 14x. . -
b?\ . C \9P
O R O :

3 ) .
Yez GY ¢ GYa 2t G X e Yp -t 9_"' <Ye
. AN

/\-}\4__ QEneN& ss\ &,J'N s
%‘,c\x"“-k C.X + G- :7'><
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Solve the IVP
,QC,

x2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5
The genecal solkon (from Ve laek econmple)
N We G X% G+ b = X

Breey e TC

T
b 2C\>(—v"3C«>< -7

3 -
\3(\): ¢, (i +C1(\\7+(°—’-‘r(\) = O

O, 4en—| =0 =2 C+tCa=4

( - ~ 4 .S
Yy =2¢ W+ 3¢

C, =2
QC. 43 C‘L _q_ - __S —_.é QC\+3 2
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e so\—< M gtjs\em

C\+C'L"\

M""y A ot
-(5\( ,74
90, +3G = 2 PO, et
26 -26 =&
Cz :O C\-”\—C'L:\_O-‘\

The eolldnem ¥ X \V P

Y= A_X’Li— O><3+ G - Fx

L\\J): X’L-v Q“Q’X
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Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(x).

Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that

Ya(x) = u(x)y1(x)

for some function u(x). The method involves finding the function w.
Noe U comt e a csnsdenk Lun ckion .
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Generalization
Consider the equation in standard form with one known solution.

Determine a second linearly independent solution.
d?y dy

W + P(X)a + Q(X)y = 0,

y1(x) — —is known.

N \ ‘\ x—v
Loe assuma \91’-&\01 e N TARLSEE o g

o e .

(v
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Sub 3; + o ng‘ + QuY, =0

u"\o\ " 2u‘§9\‘ +M\§,“ + P(X)(i\?.*uy'{\)*Q(X)uv‘ =

W\

Co\\@o&— W, Uf ) (ON

W, W+ (ZB,“*?()‘)B\BW + (\&FPM%J«—O‘X@.BU’-O

Se W sc\wr
y, u o+ (29! +Poag ) =

\ "

\,e)r\k):UJ)v"“‘\"’:u
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- 20\, ) - [Poa dx
e
Dn . -S(P(X)é)(
e 2 . e

’S P dx
-2
By, &

W= W = W = &\\,\)éx
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Reduction of Order Formula

For the second order, homogeneous equation in standard form with
one known solution y4, a second linearly independent solution y» is

given by
e—fP(x)dx
= V(X adx
=) [ oo
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