September 15 Math 2306 sec. 54 Fall 2021

Section 6: Linear Equations Theory and Terminology

We were talking about the basics of linear homogeneous ODEs.

d"y a1y d
an(x) X + ap_1 (X)W + -+ ai(x) o +ap(x)y =0
The General Solution: Let y1, v, ..., ¥, be any fundamental solution

set for this ODE. The general solution to this homogeneous equation is

y(x) = c1y1(x) + caya(x) + - - - + Cnyn(x),

where ¢4, ..., Cy are arbitrary constants.
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Nonhomogeneous Equations

Now we will consider the equation

dny dn—1y dy
g T an- 1(x )d — +---+a1(x)a+ao(x)y:g(x)

an(x)
where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.
The associated homogeneous equation is

d’ an-1 d
an(X) G + 1 () k@ () g + a0y =0,
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

Y = ciy1(X) + Caya(X) + -+ - + Cnyn(X) + ¥p(X)

m
where ¢y, Co, ..., Cy are arbitrary constants. = f
\ \f) I

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Superposition Principle (for nonhomogeneous eqgns.)
Consider the nonhomogeneous equation

n n—1
00D b0 () %Y 0Dt 2oy = 1) 20 (1

Theorem: If y,, is a particular solution for

dy
an(X) % + -+ a(x)y = gi(x).

and yp, is a particular solution for

dn
an(X) 5+ @(X)y = Ga(x),

then
Yo =Yoi + Yo,
is a particular solution for the nonhomogeneous equation (1).
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Example x2y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.
Le\ cul Ve, " W ODEL

u

Vo= 6, Yo =G, Yp, =°©

7
X"L:)f“'—\\X\j?: e Qv(" ;:gg _Xv)
H S
(& — Ux (o) « 6(6) = 36 o
26 =3 7

So Y, dees s»len Mas  00F€ .
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that
Yo, = —7x solves x?y" —4xy' +6y = —14x.
lue sub Ve, T b 00T ‘“
t?fhj - _—/q— Y tje” -e

-

= -INx

Je, 7 X

b}

X" e, ~txyg b e,

(o) - e () + £CAx) = I
Q8x - Y2x = -1\x

PEENAVEN
“(Hx = -JNx N
N

|

Renc. Yp. Siloes e 0DT.
September 13, 2021

6/26



Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of

x2y" —4xy' + 6y =0.
Use this along with results (a) and (b) to write the general solution of
21 / — _
xcy" —4xy’' + 6y = 36 — 14x. e 6 Ve, “Fx
L,)Q \l—v/\os,-t \O = 3 c +j {) g

Des Yt labe= Ot Gk’ e 9P Je w90
= G- Fx

'ﬂ\z 6£m€f—<>‘Q §§\u¢\'.>an \§

We Coxte e b -
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Solve the IVP .

x2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5
lhe o Pea genersd s\ubion
\0—_ C\Xz+ C‘LX?'\' C_—,*q’)(
lhe Aws)h 0§>®\> N LC

9= AKX L RGX - F

Y= C Ly GOy + L-F(1) =0
Cy+C, -\ =0 = Ci+ (L~

5%n=2c&n+3gc§:? = -5
AC. 420 -F = - T 0 36,2 &
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\ v
X7 ea"
C, +C. =\ (*‘V)}k“ 5 7
X+ NS
Zc, £3C, = & o) o
—Z(.~Z(1‘-‘Z
c, =0
C‘—. \—'(-L - (_O:j—

W= Axt+ Ox>+ b - Fx

) \3:95%@-‘?)

\—
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Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(X).
Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that
Ya(x) = u(x)y1(x)
for some function u(x). The method involves finding the function w.
he Wnow Yedk U conner e A Censkant
Funckon .
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Generalization

Consider the equation in standard form with one known solution.
Determine a second linearly independent solution.

a2y dy .
W+P(X)E+Q(X)y_o, Y1(X)**'S known.

Ascune We =y, - Lk s sub Hog 1nde Hre
607 . |

Lﬂ—[ ':Uu\)l

\ !
Ve = U Yy, « WY,

"
"

g, = Wy Wyl F Uy, e D
\ ul
- Wy, 2wyl e uy,
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b -\4\.\! ) \ﬁz“ -q—P(x\ \f)_: + Q(XIlg_L =0

u'\3\+2ulvl\ *%2'”4— Q(X\<u\}9|+u—?_.>+0()<)i?_\ = O

1}

Coeds U, W, mt

[/L“\_/)n + CZ\Q: + F(x)v\)u' + (‘Q‘” + Pooy L+ Q(x)(o,)u =0

2oa g O e

o 4 \:)-\\\ Q“Mr '

Eﬂ‘u“ + CZ‘O: « P Yy,) v =0

September 13, 2021 14/26



L W=l L, s W=u . T™hn u silwes

o+ (2o g =
T\r\lls WS Q\f\-&w\@wcj Q-epaa—“'w

\/\) + ( -\‘PLX)\\/\J:O

\
W = — /—~<- P(X)B\’J

—<%+Pu)>éx
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—‘(1,— = SQAD‘ - ?()(\é)(

#}
OV
.y 9\/\ W= -2 Dyl - SQ(X) dx
- 20 \y ) - feeadx
W = e
_ QV\UTL ——SP()OC\)(
- C C e
. -SP(X)éx
= (ﬂ' e
-Jesadx
W = e
V.-
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So
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Reduction of Order Formula

For the second order, homogeneous equation in standard form with
one known solution y4, a second linearly independent solution y» is

given by
e—fP(x)dx
= V(X adx
=) [ oo
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